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Abstract

Accurate attribution for multiple platforms is critical for evaluating performance-
based advertising. However, existing attribution methods rely heavily on the
heuristic methods, e.g., Last-Click Mechanism (LCM) which always allocates the
attribution to the platform with the latest report, lacking theoretical guarantees for
attribution accuracy. In this work, we propose a novel theoretical model for the
advertising attribution problem, in which we aim to design the optimal dominant
strategy incentive compatible (DSIC) mechanisms and evaluate their performance.
We first show that LCM is not DSIC and performs poorly in terms of accuracy and
fairness. To address this limitation, we introduce the Peer-Validated Mechanism
(PVM), a DSIC mechanism in which a platform’s attribution depends solely on
the reports of other platforms. We then examine the accuracy of PVM across both
homogeneous and heterogeneous settings, and provide provable accuracy bounds
for each case. Notably, we show that PVM is the optimal DSIC mechanism in the
homogeneous setting. Finally, numerical experiments are conducted to show that
PVM consistently outperforms LCM in terms of attribution accuracy and fairness.

1 Introduction

Online advertising has become the dominant force in the global advertising landscape, with expen-
ditures projected to exceed $790 billion in 2024—accounting for over 72% of total ad spend—and
continuing to grow at a consistent rate of more than 10% annually. This substantial and growing
capital investment calls for the development and application of robust methodologies to optimize
budget allocation across diverse digital platforms.

∗Corresponding author.
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Advertising attribution, the process of assigning credit for user conversions (such as app downloads
or product purchases) to the platforms that contributed to them, plays a central role in guiding these
allocation decisions and has consequently garnered significant attention. In practice, attribution
reflects a variety of design principles and business objectives. Methods range from simple heuristics
such as first-click and time-decay attribution to data-driven approaches based on machine learning
and causal inference. Among these, last-click attribution has become the industry default due to its
simplicity and its practical relevance for measuring revenue-driven, bottom-of-funnel conversions.

Under last-click attribution, the platform that most recently interacted with the user receives full
conversion credit. Because these credits directly determine performance metrics and future budget
allocation, platforms have a strong incentive to manipulate the timing of their reports to appear last in
the user’s interaction sequence. Such strategic behavior can distort attribution outcomes, overstating
the influence of certain platforms even on its own terms.

This manipulation has become increasingly feasible in modern advertising ecosystems, especially
when the advertiser does not control the landing page—such as app installations through app stores
or purchases on major e-commerce platforms—where click events cannot be directly measured. In
the past, advertisers relied on redirect-based tracking flows, where an intermediary measurement
partner (MMP) logged the click before redirecting the user to the final landing page, thus providing
an independent, verifiable timestamp. However, the industry has since shifted toward redirect-less
tracking paradigm, in which user navigation and click reporting are decoupled to improve latency and
privacy. Without an intermediary verifier, advertisers now depend entirely on platform’s self-reported
timestamps, making strategically timed reports both feasible and practically undetectable.2

Nevertheless, such strategic behavior has received limited attention in the academic literature. Most
prior work on advertising attribution instead focuses on modeling platform contributions to conver-
sions using increasingly sophisticated statistical or machine learning methods, under the assumption
that platforms passively and truthfully report user interaction data. In this paper, we initiate the study
of advertising attribution from a mechanism design perspective, treating platforms as strategic agents
that may misreport in order to maximize their assigned credit. Rather than proposing a new attribution
philosophy, we work within the prevailing logic of last-click attribution and ask: How can we design
an attribution mechanism such that platforms have no incentive to misreport, while still assigning
credit to the platform with the true last click?

Main Contribution To address the above question, we first model the advertising attribution
scenario as a game-theoretic model in which multiple platforms strategically submit user interaction
logs to compete for conversion credit. The advertiser then allocates credit according to a predefined
attribution rule. In this model, our analysis focuses on characterizing dominant strategy incentive
compatible (DSIC) mechanisms, and evaluating the performance of different attribution mechanisms,
using two key metrics: accuracy and fairness. Accuracy measures the alignment between the assigned
and true contributors, while fairness assesses whether each platform receives its deserved share of
credit in expectation. Detailed results are presented in Table 1, with proofs in the full version.

Table 1: Mechanism performance under different settings
DSIC Fair Accuracy (Homogeneous) Accuracy (Heterogeneous)
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We begin by analyzing the commonly used Last-Click Mechanism (LCM) and theoretically demon-
strate that it is not DSIC. For LCM’s performance, our findings reveal that, in the worst-case scenario,

2This shift has been driven by privacy regulations such as the European Union’s General Data Protection
Regulation and Apple’s App Tracking Transparency framework [8, 2, 16], and the adoption of redirect-less
systems including Google’s and Microsoft’s parallel tracking and Apple’s SKAdNetwork [10, 19, 3].
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LCM can perform remarkably poorly. Even with just two heterogeneous platforms, both accuracy
and fairness can approach arbitrarily low values.

To ensure DSIC, we propose a novel attribution mechanism called the Peer-Validated Mechanism
(PVM). The mechanism operates as follows: only platforms reporting before the conversion are
eligible for attribution, and the credit a platform receives depends solely on peer reports and prior
probabilities—independent of its own report. Since a platform’s report does not influence its own
outcome, PVM is DSIC by design. We then theoretically demonstrate that PVM consistently
outperforms the LCM in terms of both attribution accuracy and fairness. We further prove that it is
the optimal DSIC mechanism in the homogeneous setting (Theorem 5). Mutiple simulations using
distributions fitted from real-world ad-conversion data further validate the superiority of PVM.

To the best of our knowledge, this is the first work to formally model the advertising attribution
problem within a theoretical framework, and to rigorously analyze the incentive and efficiency
properties of the widely adopted Last-Click Mechanism. By shifting attention from empirical
heuristics and estimation to mechanism design, our work offers foundational insights for developing
attribution systems that are robust, fair, and incentive-compatible in digital advertising markets.

All missing proofs can be found in full version.

Related Work Recent research on advertising attribution has primarily focused on multi-touch
attribution, which distributes conversion credit across multiple platforms based on observed user
interactions data. A wide range of modeling approaches have been explored, including probabilistic
models such as survival analysis [13, 14, 23, 28, 29], Shapley value-based methods for fair allocation
[1, 4, 24], and Markov models for channel transition influence [1, 15]. Furthermore, causal inference
[6, 27] and deep learning [21, 18, 6, 17, 26, 27] have been applied to better capture temporal and
interaction complexity. Despite their sophistication, these approaches generally assume that the user
interactions data reported by platforms are accurate and complete.

However, this assumption often fails in practice, as platforms may strategically misreport to gain
greater attribution. In contrast, mechanism design offers a principled framework for addressing
strategic behavior, with incentive compatibility (IC) as a central design goal [12, 20, 25, 5, 11].
While IC-based techniques have been widely applied in domains such as auctions [7], voting [9], and
resource allocation [22], their application to attribution remains underexplored. Attribution presents
new challenges: the strategic behavior of platforms is often ill-defined, and their utility depends on
uncertain conversion outcomes, making standard mechanism design tools difficult to apply directly.

2 Model and Preliminaries

This section develops a formal model to study advertising attribution under strategic platform behavior.
We first describe a typical real-world scenario, then formalize the model components, define the
attribution mechanism, analyze strategic behavior, and finally define the advertiser’s objective.

Throughout, we adopt the last-click attribution standard, treating the final platform in a user’s
interaction sequence as the one that deserves credit. We focus on settings with at least two platforms,
the minimal case where attribution ambiguity and manipulation arise. In practice, the number of
platforms involved in a conversion is typically small—often no more than five.

2.1 Real-World Advertising Scenario

Consider the real-world online advertising scenario where a user interacts with ads from multiple
platforms (n ≥ 2) before a conversion event. When the user converts, the advertiser seeks to allocate
credit based on the click logs reported by the platforms.

The process unfolds as follows. Each platform i ∈ [n] first detects a user click and records a log at the
corresponding absolute click time tabs

i . It then selects an absolute reported time rabs
i ≥ tabs

i , at which
it submits the log to the advertiser. At some time t0 ≥ maxi∈[n]{tabs

i }, the user converts, and the
advertiser performs credit attribution based on reports received by t0—that is the set {rabs

i | rabs
i ≤ t0}.

Crucially, while the advertiser observes the conversion time t0, platforms must decide when to report
without knowing when the conversion will occur.
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This scenario highlights the fundamental challenge in attribution: the advertiser must infer the true
sequence of events based on potentially delayed reports from strategically acting platforms. The
discrepancy between true click times and reported times necessitates careful mechanism design.

2.2 Advertising Attribution Model

We now present a game-theoretic model of the attribution process, capturing strategic platform
behavior and informing mechanism design. To simplify analysis, we adopt a conversion-aligned
timeline, setting the conversion time t0 = 0 without loss of generality. Under this transformation, all
click times are expressed relative to the conversion and lie in (−∞, 0]. Specifically, we define

ti := tabs
i − t0 ≤ 0, ∀i ∈ [n],

where ti denotes the relative click time of platform i. Figure 1 illustrates this transformation: if
two platforms record clicks at 10:40 a.m. and 10:50 a.m., and the conversion occurs at 11:00 a.m.,
their relative click times become t1 = −20 and t2 = −10, with the conversion at time 0. Under the

Figure 1: Conversion-aligned time transformation

conversion-aligned timeline, the relative click time t = (ti)i∈[n]—which depends on the unknown
conversion time—is therefore unobservable to platforms. To capture this uncertainty, we model ti
as a random variable drawn independently from a commonly known distribution, with cumulative
distribution function (CDF) Fi(t) and probability density function (PDF) fi(t), supported on (−∞, 0].
This distribution may be interpreted as a prior belief based on platform-level statistics. Let F =
{Fi}i∈[n] denote the joint distribution from which the click time vector t is drawn.

To model strategic reporting, we assume each platform i ∈ [n] selects a non-negative reporting delay
τi ≥ 0, resulting in a reported time ri = ti + τi on the conversion-aligned timeline3 . Since ti is
unobservable when the platform commits to its strategy, the chosen delay τi is applied uniformly
across all realizations of ti. We denote the delay profile as τ = (τi)i∈[n], and the resulting reported
time profile by r = (ri)i∈[n] = t+ τ . Unless stated otherwise, all subsequent analysis is conducted
on the conversion-aligned timeline.

2.3 Attribution Mechanism

We define an attribution mechanism M by its assignment rule M(r) := {xi(r)}i∈[n], where xi(r)

denotes the credit assigned to platform i given the reported time profile r.4 A mechanism is said to
be feasible if it satisfies the following constraints:

0 ≤ xi(r) ≤ 1, ∀i ∈ [n], r (1)
xi(ri, r−i) = 0, ∀i ∈ [n], ri > 0, r−i (2)

Et∼F

[
n∑

i=1

xi(t+ τ )

]
≤ 1, ∀F , τ (3)

Constraints (1) and (2) bound individual credit and exclude post-conversion reports. Constraint (3)
limits the expected credit, ensuring that the advertiser’s overall budget is respected.5

3We focus on strategic delay in reporting rather than repeated or fraudulent submissions. Each platform
reports its click once, possibly after a strategic delay, to maximize its attribution credit. This setting differs from
click spamming and click injection, which involve multiple or fabricated reports.

4In practice, reports submitted after the conversion time (i.e., ri > 0) are typically not received or used
by the advertiser. However, for modeling generality, we allow such values as inputs to the mechanism. Their
exclusion from attribution is later enforced through explicit feasibility constraints (see Constraint (2)).

5Constraint (3) normalizes total credit in expectation rather than per conversion. This design reflects
advertisers’ long-term budget control: it maintains the average expenditure over many conversions while
allowing more flexibility for designing incentive-compatible mechanisms than strict per-instance normalization.
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Given an attribution mechanism M, we define platform i ∈ [n]’s instantaneous utility under report
profile r as the credit assigned to it by the mechanism: ui(r) = xi(r). Given the distribution profile
F and others’ strategy τ−i, platform i selects its delay τi to maximize its expected utility:

Ui(τi, τ−i) = Et∼F [ui(t+ τ )] = Et∼F [xi(t+ τ )] .6

From the advertiser’s perspective, an ideal attribution mechanism M should achieve two primary
goals: (i) incentivize truthful reporting to ensure reliable interaction data; and (ii) accurately assign
credit to the platform responsible for the conversion.

We first use dominant strategy incentive compatibility (DSIC) to capture truthful reporting:
Definition 1 (DSIC). A mechanism M is DSIC if for every platform i, truthful reporting (τi = 0)
maximizes its utility ui(r) regardless of the realized true click times t = (ti, t−i) or the strategies
τ−i chosen by other platforms7. That is, for all platforms i ∈ [n], all true times ti ≤ 0 and t−i, all
others’ strategies τ−i, and any deviation delay τ ′i > 0:

ui(ti, t−i + τ−i) ≥ ui(ti + τ ′i , t−i + τ−i).

It is easy to verify that DSIC is equivalent to a non-increasing allocation rule with respect to a
platform’s own report.
Theorem 1. An attribution mechanism M satisfies DSIC if and only if, for every platform i and any
fixed reports from other platforms r−i, the credit xi(ri, r−i) is non-increasing in its own report ri.

Second, we formalize attribution accuracy as the mechanism’s ability to assign credit to the true
last-click platform. Specifically, we defined the accuracy of a mechanism M, given F as

ACC(M;F ) = Et∼F

[
n∑

i=1

xi(t+ τNE) · I[i = argmax
j

{tj}]

]
,

where τNE is the Nash equilibrium induced by F and M. Note that τNE = 0 for a DSIC mechanism.
Thus, given a known distribution F , the advertiser’s optimization problem is formulated as:

max
M

ACC(M;F )

s.t. Feasible and DSIC.
(4)

Beyond defining accuracy with respect to a fixed F , we define the accuracy of mechanism M as

ACC(M) := inf
F

ACC(M;F ),

capturing worst-case performance across F , serving as a evaluation for a mechanism’s performance.

3 The Last-Click Mechanism

In this section, we conduct a rigorous analysis of the Last-Click Mechanism (LCM). We begin
by formally defining LCM and then demonstrate that it fails to satisfy DSIC. We further evaluate
its accuracy at equilibrium and derive accuracy bounds in both homogeneous and heterogeneous
platform settings. Formally, the Last-Click Mechanism is defined as MLCM:
Definition 2 (Last-Click Mechanism). Given the report profile r = (ri)i∈[n], the Last-Click Mecha-
nism is defined as MLCM = {xi(r)}i∈[n]. Specifically,

xi(r) =

{
1 if i ∈ S and ri = maxj∈S{rj},
0 otherwise,

where S = {j ∈ [n] | rj ≤ 0} is the set of platforms with effective reports. Ties are broken uniformly
at random among the tied platforms.

6Note that, in the absolute-time model, the platform must take expectation over the unknown conversion
time and other click times. In the conversion-aligned model, the conversion time is fixed at 0, and the same
uncertainty is reflected in the distribution of t.

7DSIC benefits cold-start scenarios by ensuring truthful reporting without requiring prior knowledge, enabling
reliable attribution from the outset and facilitating the learning of the true distribution.
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Due to its simplicity and its intuitive principle of crediting the platform associated with the user’s
final click before conversion, LCM is widely adopted in practice. However, it is easy to see that
platforms may benefit from strategically delaying their reports, making truthful reporting suboptimal.
Therefore, LCM does not satisfy DSIC.
Proposition 1. The Last-Click Mechanism is not a DSIC mechanism.

3.1 Accuracy Analysis

Since LCM is not DSIC, it may assign credit to a platform that wasn’t truly last, leading to inaccurate
attribution. We therefore analyze its equilibrium accuracy in both homogeneous and heterogeneous
platform settings, and derive accuracy bounds for both two-platform and n-platform cases.8

We first consider the case with two homogeneous platforms and present our result in Theorem 2.
Theorem 2. When there are two homogeneous platforms with identical distribution F (t), supported
on (−∞, 0], the accuracy of MLCM is exactly (2−

√
2)2, and this bound is tight.

To prove Theorem 2, we first analyze the incentive constraint at a symmetric strategy profile (τ0, τ0).
By requiring that no platform benefits by unilaterally deviating from τ0 to truthful reporting, we
derive the necessary condition F (−τ0) ≥ 2 −

√
2. Since LCM can only attribute correctly when

both true click times are before −τ0, this yield a lower bound on accuracy of (2−
√
2)2. We then

construct a family of distributions fM (t) = cM (e−t − 1), supported on [−M, 0], where cM is a
normalization constant. We show that this game admits a unique symmetric Nash equilibrium, and as
M → ∞, the accuracy converges to exactly (2−

√
2)2.

We now extend our analysis to the general case with n homogeneous platforms.
Theorem 3. When there are n homogeneous platforms with identical distribution F (t), supported
on (−∞, 0], the accuracy of MLCM is bounded as follows:(

1−
(
1

n

) 1
n−1

)n

< ACC(MLCM) ≤

1−

 3

√
2 +

√
6

4
+

3

√
2−

√
6

4

2


n

.

The lower bound is derived using an argument similar to the two-platform case, by examining the
conditions required for a symmetric equilibrium. For the upper bound, we analyze the symmetric
equilibrium under a specific distribution with a linear probability density function f(t) = −2t
supported on [−1, 0].

Finally, we consider the heterogeneous case, where each platform may follow a different distribution
Fi(t). Surprisingly, we show that the accuracy of the LCM can be arbitrarily low, even in a simple
setting with just two heterogeneous platforms.
Theorem 4. When there are n heterogeneous platforms with distributions Fi(t), all supported on
(−∞, 0]. the accuracy of MLCM can be arbitrarily small and approach to 0.

The proof relies on a key insight: a platform with a highly concentrated distribution (e.g., supported
on (C − ϵ, C + ϵ)) can easily manipulate its report to secure attribution credit. We construct an
instance where one platform has such a concentrated distribution, while the others have click time
supports strictly greater than it. In this scenario, we show that in equilibrium, the concentrated
platform receives attribution with probability approaching 1, causing overall accuracy to approach 0.

4 The Peer-Validated Mechanism

In this section, we introduce the Peer-Validated Mechanism (PVM), a novel mechanism addressing
the non-DSIC issue of LCM. Intuitively, if the credit assigned to a platform is independent of its own
report, the mechanism is DSIC. Based on this idea, we propose the PVM as follows:

8Since our focus is on DSIC mechanisms, we restrict our evaluation of LCM to instances where equilibrium
is guaranteed, without analyzing its existence in general. Even within this limited scope, the results clearly
demonstrate LCM’s poor performance in our setting.
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Definition 3 (Peer-Validated Mechanism). Consider n platforms with the CDF {Fi}i∈n and PDF
{fi}i∈n supported on (−∞, 0]. Let r = (ri)i∈[n] be the reported time profile from n platforms. The
Peer-Validated Mechanism assigns credit based on mutual validation among platforms, and is defined
as MPVM = {xi(r)}i∈[n], with

xi(r) =

{
I[ri ≤ 0] · I[maxj∈S\{i}{rj} ≤ α

(i)
S ] if |S \ {i}| ≥ 1,

I[ri ≤ 0] · βi otherwise,

where S = {j ∈ [n] |rj ≤ 0} denotes platforms with eligible reports. βi = P (i = argmaxj{tj}) =∫ 0

−∞ fi(t)
∏

j ̸=i Fj(t) dt is the probability that platform i is the true last-click platform based on the

prior. The validation threshold α
(i)
S is defined as the solution to

∏
j∈S\{i} Fj(α

(i)
S ) = βi.9

Roughly speaking, PVM assigns credit to platform i’s credit based on eligible reports from other
platforms. When such peer reports exist, the mechanism compares them to a threshold α

(i)
S , which

is chosen so that the probability of all peers’ true click times being no later than α
(i)
S matches the

prior βi that platform i is the true last. This validation process leverages instance-level information
to make attribution decisions while preserving incentive compatibility. If no eligible peer reports
are available, PVM falls back to allocating βi based on the prior. The reason only eligible reports
are used for validation is that the mechanism assumes no overt misreporting among them, while
ineligible reports (rj > 0) are definitely misreports and thus excluded due to unmodeled behavior.
Finally, the indicator I[ri ≤ 0] ensures that attribution only goes to pre-conversion reports.

Since any reporting delay either disqualifies the platform itself or prevents others from being at-
tributed, it is straightforward to verify that PVM satisfies feasibility and DSIC 10 , as formalized in
Proposition 2.
Proposition 2. The Peer-Validated Mechanism is a DSIC mechanism.

As PVM is DSIC, we focus on truthful reports (r = t). In this case, S = [n], and we let αi denote
the threshold used in xi(·), defined by

∏
j ̸=i Fj(αi) = βi. The allocation rule then simplifies to

xi(t) = I[max
j ̸=i

{tj} ≤ αi] ∀i ∈ [n].

We adopt this reduced form throughout the remainder of our analysis of PVM.

4.1 Optimality of PVM for Homogeneous Platforms

We surprisingly find that PVM is the optimal DSIC mechanism in the homogeneous platform setting.
Theorem 5. When the platforms are homogeneous, the Peer-Validated Mechanism (PVM) is the
optimal DSIC mechanism with respect to the accuracy.

To show this optimality, we aim to identify the DSIC attribution rule {xi(t)}i∈[n] that maximizes
accuracy. This is a challenging task, as it involves optimizing over a set of functions simultaneously.
However, if for any fixed expected attribution ei = Et[xi(t)], we can characterize the most accurate
DSIC rule that achieves it, then the problem reduces to optimizing over the expected attribution vector
e = (ei)i∈[n]. The following lemma shows that such a characterization indeed exists.
Lemma 1. For platform i and a fixed expected attribution ei, there exists an optimal DSIC attribution
rule for platform i w.r.t. accuracy, satisfying ei = Et[xi(t)], that can be written as

x∗
i (ti, t−i) =

{
1, if maxj ̸=i{tj} ≤ θi,

0, otherwise,

where Gi(t) = Πj ̸=iFj(t) is the CDF of the random variable maxj ̸=i{tj}, and Gi(θi) = ei.

9The existence and uniqueness of α(i)
S and βi under standard regularity conditions, along with handling edge

cases (e.g., flat or discontinuous CDFs), are detailed in full version.
10A simple variant of PVM also preserves DSIC under the click spamming problem, where a platform may

repeatedly report the same click at later timestamps. Specifically, the modified mechanism takes the first valid
report (if any) from each platform as input while keeping the rest of the allocation rule unchanged. Under this
setting, the platform’s own reporting time remains decoupled from its expected number of attributions.
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Herein, we give a proof sketch of Lemma 1. First, as any DSIC rule must be non-increasing in ti
(Theorem 1), we claim that, to maximize accuracy, the optimal DSIC rule xi(ti, t−i) should be a
constant when given t−i, so that larger values of ti, which more better indicate that platform i is last,
are not penalized. Second, given a fixed expected attribution ei, the self-independent rule xi(t−i)
should prioritize instances with smaller maxj ̸=i{tj}, where platform i is more likely to be last. This
greedy strategy yields the threshold-form optimal DSIC rule in the lemma. When Gi is somewhere
flat, multiple thresholds may achieve ei, and combining them may yield non-threshold variants. Still,
at least one such optimal rule exists.

Based on Lemma 1, the task reduces to finding the optimal (e∗i )i∈[n]. Since Gi(θi) = ei, the original
optimization problem (4) can therefore be reformulated in terms of θ = (θi)i∈[n] as follows:

max
θ

n∑
i=1

∫ θi

−∞
gi(u)(1− Fi(u)) du

s.t.
n∑

i=1

Gi(θi) = 1

In particular, for homogeneous platforms, the thresholds defined within the PVM precisely align
with the solution to the optimization problem outlined above, establishing its optimality as stated in
Theorem 5.

4.2 Accuracy Analysis

We now analyze the accuracy of PVM. For the homogeneous setting, we give a tight bound on the
accuracy. Since PVM is the optimal DSIC mechanism, this accuracy is the maximum value a DSIC
mechanism can achieve.
Theorem 6. When there are n homogeneous platforms with identical distribution F (t), supported
on (−∞, 0], the accuracy of MPVM is exactly equal to

ACC(MPVM) = 1−
(
1− 1

n

)(
1

n

) 1
n−1

.

In the homogeneous case, symmetry implies that all thresholds αi are equal, denoted by α, and satisfy
F (α)n−1 = 1/n. Therefore, PVM makes a correct attribution if either all reports are no greater than
α, which occurs with probability (1/n)n/(n−1), or exactly one report exceeds α, which occurs with
probability 1− (1/n)1/(n−1). These probabilities depend only on n, not on the specific distribution.
Summing them gives the accuracy in Theorem 6.

In practice, the number of platforms n typically does not exceed 5. We therefore conduct a comparison
with the Last-Click mechanism (presented in Table 2) to show that PVM is strictly superior.

Table 2: The accuracy comparison between PVM and LCM (Upper bound).
n MPVM Upper bound of MLCM Ratio (MPVM / MLCM UB)

2 0.75 (2−
√
2)2 ≈ 0.3431 (tight bound) 2.1857

3 0.6151 0.3336 1.8437
4 0.5275 0.2314 2.2799
5 0.4650 0.1605 2.8977

In the rest, we consider the general heterogeneous-platform setting. We show a tight bound on
accuracy for two-platform case (Theorem 7) and a lower bound for n-platform case (Theorem 8).
Theorem 7. When there are two heterogeneous platforms, the accuracy of MPVM is exactly equal to
ACC(MPVM) = 19/27 ≈ 0.7037.

To establish the result, we first formulate an optimization problem that characterizes the worst-case
accuracy by maximizing the misattribution probability. In the two-platform setting, all attribution
outcomes can be explicitly enumerated, making this optimization analytically tractable. To show
tightness, we then construct a concrete instance that satisfies the optimality conditions, thereby
achieving the accuracy value of 19/27.

8



Theorem 8. When there are n heterogeneous platforms, the lower bound on the accuracy of MPVM
is ACC(MPVM) = (19/27)⌈log2 n⌉.

For n heterogeneous platforms, we design a binary-tree-based mechanism to derive a lower bound
for PVM. Starting from the root node, which represents all n platforms, we recursively partition them
into two disjoint subsets L and R of sizes ⌈n/2⌉ and ⌊n/2⌋, respectively. Each subset is treated as
a virtual platform, represented by the distribution of maxi∈L{ti} or maxi∈R{ti}. At each internal
node, the attribution reduces to a problem between two heterogeneous platforms. Repeating this over
⌈log2 n⌉ levels yields an overall accuracy lower bound of (19/27)⌈log2 n⌉. Since PVM is guaranteed
to perform at least as well as this mechanism, the same expression serves as a lower bound for its
accuracy.

4.3 Fairness of PVM

Besides the DSIC and accuracy, PVM also satisfies a strong fairness property: the expected attri-
bution E[xi] for each platform i exactly matches its true probability of contributing the last click,
P (i = argmaxj{tj}). This alignment offers a principled basis for evaluating long-term platform
effectiveness and simultaneously promotes trust in the mechanism’s equity. To quantify this alignment
and enable comparisons across mechanisms, we define the following metric:
Definition 4. The fairness score of mechanism M under the joint distribution F is defined as

FAIR(M;F ) = min
{i|P (i=argmaxj{tj})>0}

{
E[xi(t)]

P (i = argmaxj{tj})

}
.

Definition 5. A mechanism M is Fair if, for any joint distribution F , it holds that

FAIR(M;F ) = 1.

The fairness score FAIR(M;F ) quantifies how closely a mechanism’s expected attribution matches
the true last-click probabilities, with a score of 1 indicates perfect alignment. A Fair mechanism
ensures that attribution faithfully reflects contribution probabilities across all distributions. PVM is a
fair mechanism directly from the choice of (αi)i∈[n] under DSIC:

Et[xi(t)] = Et[max
j ̸=i

{tj} ≤ αi] =
∏
j ̸=i

Fj(αi) = P (i = argmax
j

{tj}).

Proposition 3. The Peer-Validated Mechanism is Fair.

In contrast, the Last-Click Mechanism fails to meet this property.
Proposition 4. The Last-Click Mechanism is not Fair.

LCM fails the Fair property due to its fairness score being highly sensitive to distributional differences
and strategic delays, especially under heterogeneity. As shown in Table 3, the fairness score can
degrade to zero in such settings.

Table 3: Worst-Case Fairness Score of LCM under Equilibrium.
Scenario Worst-Case Fairness (infF FAIR(MLCM ;F ))

Homogeneous, n = 2 1− (
√
2− 1)2 ≈ 0.828

Homogeneous, n ≥ 3 (1− (1/n)n/(n−1), 1− ( 3

√
2+

√
6

4 + 3

√
2−

√
6

4 )2n]

Heterogeneous, n ≥ 2 0

5 Numerical Experiments

We empirically evaluate PVM against LCM using simulations based on click time distributions fitted
from real-world ad conversion logs from four advertising platforms. Experiments cover two settings:
homogeneous and heterogeneous. In the homogeneous case, we simulate n ∈ {2, 3, 4, 5} identical
platforms, all following the click time same distribution, repeated across four distributions derived
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from real data. In the heterogeneous case with n = 2, we simulate all six platform pairs formed by
different combinations of the four distributions. Under LCM, platforms play in equilibrium; under
PVM, they report truthfully by DSIC. Each configuration was evaluated using 5× 104 simulated user
paths, repeated over 10 independent runs.

PVM consistently outperforms LCM in both accuracy and fairness across all settings. Table 4 reports
the improvements as mean ± standard deviation over platforms (homogeneous) or platform pairs
(heterogeneous). Specifically, accuracy gains grew with n (up to 0.3041 when n = 5) and remains
notable under heterogeneity (0.0655). Fairness improvements are small in homogeneous cases but
substantial in heterogeneous ones (0.1320).

Table 4: Aggregate summary of PVM’s improvements over LCM, (mean ± standard deviation)
Homo Setting Hetero Setting

Metric n = 2 n = 3 n = 4 n = 5 (over 6 pairs)

Acc. 0.0404± 0.0396 0.1583± 0.0439 0.2444± 0.0580 0.3041± 0.0490 0.0655± 0.0283
Fair. 0.0248± 0.0089 0.0157± 0.0034 0.0107± 0.0047 0.0111± 0.0040 0.1320± 0.0598

6 Conclusion and Discussion

This paper introduces a formal game-theoretic framework for advertising attribution under strategic
platform behavior. We show that the widely used Last-Click Mechanism fails to be dominant
strategy incentive-compatible (DSIC) and performs poorly in both accuracy and fairness. To address
these limitations, we propose the Peer-Validated Mechanism (PVM), a novel DSIC mechanism that
allocates credit based on peer reports. We prove that PVM achieves optimal accuracy in homogeneous
settings, offers provable guarantees in heterogeneous ones, and satisfies a strong fairness property.
Our theoretical analysis is further validated by numerical experiments using real-world data, where
PVM consistently outperforms LCM.

In practice, peer-validation principle offers a concrete design guideline for incentive-compatible
attribution systems. For instance, in machine learning-based models, excluding a platform’s own
report as an input feature ensures truthfulness, shifting the focus from detection to design.

Besides, PVM framework can be extended to settings with correlated click-time distributions while
preserving the core peer-validation principle and the DSIC property. The validation rule generalizes
from a scalar threshold (αi) to a multi-dimensional acceptance region Di over peer reports t−i,
constructed greedily by including outcomes with the highest posterior probability that platform i
was the true last click until P (t−i ∈Di) = βi. A platform receives credit if and only if its peers’
reports fall within Di. Under this modification, the homogeneous-case results remain unchanged,
since our proofs for those theorems do not rely on the independence assumption; the results for the
last-click mechanism also remain the same, as its accuracy and fairness are already zero; while in
heterogeneous settings, PVM retains a weaker but still meaningful 1/n lower bound on accuracy.
We focus on the independence assumption in this paper to present the mechanism’s core insight in
the clearest setting, which is sufficient to capture the essential strategic structure, leaving correlated
extensions for future work.

Several directions remain open. First, while PVM aligns the expected attribution with true last-
click probability, future work may explore mechanisms that further improve instance-level accuracy.
Second, investigating correlated click-time distributions could enhance a mechanism’s applicability
in realistic scenarios. Next, a joint optimization framework modeling both advertiser and platform
utilities, integrating attribution with budget allocation, represents a compelling direction. Finally,
investigating repeated games with externalities—where platforms may strategically harm peers or
misreport distributions to manipulate learned priors—could address dynamic interactions, potentially
incorporating bidding strategies for a more comprehensive ecosystem model.
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NeurIPS Paper Checklist
1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The abstract and introduction clearly state the paper’s main contributions,
which are consistently supported by both theoretical analysis and numerical experiments’
results.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations of our work are explicitly discussed in the future directions
part of Section 6.
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: For each theoretical result, the paper presents the full set of assumptions in the
main text and provides a complete proof in the appendix.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: We provide experimental details, these are clearly presented in supplement
materials, allowing readers to fully understand and replicate our experimental setup.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [No]
Justification: The numerical experiments are based on data that include sensitive informa-
tion from both users and advertising platforms. Due to privacy concerns and contractual
restrictions, we are unable to release the raw data. However, although we cannot disclose the
data, we provide a description of its general distribution in supplement materials to assist in
the reproducibility of our results, along with a detailed explanation of the simulation process
and experimental setup in supplement materials.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: We provide experimental details, these are clearly presented in supplement
materials, allowing readers to fully understand and replicate our experimental setup.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: We provide experimental details, these are clearly presented in supplement
materials, each setting of experiments was repeated 10 times, and each simulation was
50,000 times.
Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: As introduced in supplement materials.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We have reviewed the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: We discuss the societal impacts of our work in Section 1 and 6.
Guidelines:
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• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: The paper does not release new assets.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: We only uses LLMs to edit and format this paper.
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A Missing Proofs in Section 2

A.1 Proof of Theorem 1: DSIC Monotonicity

Proof. Let M = (xi(r))
n
i=1 be a feasible attribution mechanism, with utility ui(r) = xi(r) for each

platform i. By Definition 1, M is DSIC if for all i, any true click time ti ≤ 0, any reports r−i, and
any τ ′i > 0, it holds that

xi(ti, r−i) ≥ xi(ti + τ ′i , r−i).

We prove the equivalence between DSIC and monotonicity.

Step 1: DSIC ⇒ Monotonicity. Fix any ra < rb. Consider three cases:

• Case 1: rb ≤ 0. Let ti = ra, τ ′i = rb − ra > 0. By DSIC,

xi(ra, r−i) ≥ xi(rb, r−i).

• Case 2: ra ≤ 0 < rb. By feasibility (Constraint (2)), xi(rb, r−i) = 0, and by non-negativity,
xi(ra, r−i) ≥ 0. Hence,

xi(ra, r−i) ≥ xi(rb, r−i).

• Case 3: 0 < ra < rb. Both are post-conversion reports, so feasibility implies

xi(ra, r−i) = xi(rb, r−i) = 0.

In all cases, xi(ri, r−i) is non-increasing in ri.

Step 2: Monotonicity ⇒ DSIC. Assume xi(ri, r−i) is non-increasing in ri. Let ti ≤ 0 be the true
click time, and τ ′i ≥ 0 a deviation. Let ra = ti, rb = ti + τ ′i . Then ra ≤ rb, and by monotonicity,

xi(ti, r−i) ≥ xi(ti + τ ′i , r−i),

which satisfies the DSIC condition.

B Missing Proofs in Section 3

B.1 Proof of Proposition 1

Proof. To prove that the LCM is not DSIC, we demonstrate a scenario where the necessary mono-
tonicity condition from Theorem 1 is violated. Specifically, we show an instance where for a platform
i and fixed reports r−i from others, the credit xi(ri, r−i) is increasing in its own report ri.

Consider a simple case with n = 2 platforms. Let the report of platform 2 be fixed at r2 = −10. We
examine the allocation function x1(r1,−10):

• Case 1: Platform 1 reports ra = −20. The report vector is r = (ra, r2) =
(−20,−10). The set of eligible reports is S = {1, 2}. The maximum eligible report
is max{−20,−10} = −10. Since ra = −20 ̸= maxj∈S{rj}, platform 1 receives zero
attribution: x1(−20,−10) = 0.

• Case 2: Platform 1 reports rb = −5. The report vector is r′ = (rb, r2) = (−5,−10). The
set of eligible reports is S′ = {1, 2}. The maximum eligible report is max{−5,−10} = −5.
Since rb = −5 = maxj∈S′{rj}, platform 1 receives x1(−5,−10) = 1.

Comparing the two cases, we have reports ra = −20 and rb = −5 such that ra < rb ≤ 0. However,
the attribution for platform 1 increases: x1(ra,−10) = 0 < 1 = x1(rb,−10).

This violates the condition that xi(ri, r−i) must be non-increasing in ri for a mechanism to be DSIC
(Theorem 1). Therefore, the Last-Click Mechanism is not DSIC.
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B.2 Proof of Theorem 2

Proof. Let f(t) be the common PDF of the true display times t1 and t2, defined on (−∞, 0], with
CDF F (t). We analyze the Last-Click Mechanism under a symmetric Nash Equilibrium strategy
profile (τ0, τ0). The reported times are r1 = t1 + τ0 and r2 = t2 + τ0.

Step 1: Lower Bound on Accuracy Since (τ0, τ0) is a symmetric Nash Equilibrium, neither
platform has an incentive to unilaterally deviate. Consider platform 2 (WLOG). Its expected utility
U2(τ2; τ1 = τ0) must be maximized at τ2 = τ0.

The expected utility for platform 2 when playing τ0 (given platform 1 plays τ0) is calculated based
on the probability it receives attribution. By symmetry, when both platforms submit valid reports
(r1 ≤ 0, r2 ≤ 0), each has a 1/2 chance of winning credit. The probability that at least one report is
valid is 1− P(r1 > 0, r2 > 0) = 1− P(t1 > −τ0, t2 > −τ0) = 1− (1− F (−τ0))

2. Therefore, the
expected utility for platform 2 is:

U2(τ0; τ1 = τ0) =
1

2

[
1− (1− F (−τ0))

2
]

Now, consider the utility if platform 2 deviates to truthful reporting, τ2 = 0. Its reported time is
r2 = t2. Platform 2 gets attribution if r2 = t2 ≤ 0 (which is always true for t2 ∈ (−∞, 0]) and
either r1 = t1 + τ0 > 0 (platform 1’s report is invalid) or r2 = t2 ≥ r1 = t1 + τ0). The utility
U2(0; τ1 = τ0) is:

U2(0; τ1 = τ0) = P(t1 + τ0 > 0) + P(t2 ≥ t1 + τ0)

≥ P(t1 + τ0 > 0)

= P(t1 > −τ0) = 1− F (−τ0)

Since (τ0, τ0) is a Nash Equilibrium, the utility from playing τ0 must be at least as high as the utility
from deviating to 0: U2(τ0; τ1 = τ0) ≥ U2(0; τ1 = τ0).

1

2

[
1− (1− F (−τ0))

2
]
≥ 1− F (−τ0)

Let x = F (−τ0). Since t ∈ (−∞, 0], F (−τ0) ∈ [0, 1].

1

2
[1− (1− x)2] ≥ 1− x

1− (1− 2x+ x2) ≥ 2− 2x

2x− x2 ≥ 2− 2x

x2 − 4x+ 2 ≤ 0

The roots of x2 − 4x+ 2 = 0 are x = 4±
√
16−8
2 = 2±

√
2. The inequality x2 − 4x+ 2 ≤ 0 holds

for x ∈ [2 −
√
2, 2 +

√
2]. Since x = F (−τ0) ∈ [0, 1], we have x ∈ [2 −

√
2, 1]. Thus, in any

symmetric NE (τ0, τ0), F (−τ0) ≥ 2−
√
2.

The accuracy is the probability of correct attribution. A necessary condition for correct attribution is
that both reports are valid (r1 ≤ 0, r2 ≤ 0), which occurs with probability F (−τ0)

2. Therefore, in
two homogeneous setting, the accuracy in any symmetric NE is bounded below by:

ACC(MLCM) = inf
F

ACC(MLCM;F×2) ≥ F (−τ0)
2 ≥ (2−

√
2)2

Step 2: Tightness of the Bound We construct an example using the distribution family with PDF
fM (t) = cM (e−t − 1) for t ∈ [−M, 0] and 0 otherwise, where M > 0 and cM = (eM −M − 1)−1

is the normalization constant. The CDF is FM (t) = cM (−e−t − t + eM − M) for t ∈ [−M, 0].
We aim to show that for this family, a unique symmetric Nash equilibrium exists, and the accuracy
approaches (2−

√
2)2 as M → ∞.

Existence and Uniqueness of Best Response: First, we demonstrate that for any fixed strategy
τ2 ∈ [0,M ] chosen by platform 2, there exists a unique best response strategy τ∗1 ∈ (0,M) for
platform 1. Let U1(τ1; τ2) denote the expected utility of platform 1. The best response τ∗1 maximizes
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this utility. We analyze the first and second derivatives of U1 with respect to τ1 (using the notation e′

and e′′ from the sketch):

e′(τ1|τ2) =
∂U1(τ1; τ2)

∂τ1
= −fM (−τ1) +

∫ −τ1

−M

fM (t)fM (t+ τ1 − τ2)dt

e′′(τ1|τ2) =
∂2U1(τ1; τ2)

∂τ21
= f ′

M (−τ1)− fM (−τ1)fM (−τ2) +

∫ −τ1

−M

fM (t)f ′
M (t+ τ1 − τ2)dt

Since f ′
M (t) = −cMe−t < 0 and fM (t) ≥ 0 for t ∈ [−M, 0], we established that e′′(τ1|τ2) < 0 for

τ1 ∈ [0,M). This proves that U1(τ1; τ2) is a strictly concave function of τ1 for any fixed τ2.

Consequently, the first derivative e′(τ1|τ2) is strictly decreasing in τ1. We examine its sign at the
boundaries:

• e′(0|τ2) =
∫ 0

−M
fM (t)fM (t− τ2)dt > 0.

• e′(M |τ2) = −fM (−M) = −cM (eM − 1) < 0 (for M > 0).

Since e′(τ1|τ2) is continuous (as fM and f ′
M are continuous) and strictly decreases from a positive

value at τ1 = 0 to a negative value at τ1 = M , the Intermediate Value Theorem guarantees that
there exists exactly one value τ∗1 ∈ (0,M) such that e′(τ∗1 |τ2) = 0. This unique root τ∗1 corresponds
precisely to the unique maximum of the strictly concave utility function U1(τ1; τ2). Therefore, for
any given strategy τ2, there exists a unique best response τ∗1 ∈ (0,M) for platform 1, characterized
by the unique solution to the first-order condition e′(τ1|τ2) = 0. By symmetry, the same holds for
platform 2.

Finding the Symmetric Nash Equilibrium: Having established the uniqueness of the best response,
we now seek a symmetric equilibrium (τM , τM ). This requires τM to be the best response to itself,
satisfying e′(τM |τM ) = 0:

e′(τM |τM ) = −fM (−τM ) +

∫ −τM

−M

fM (t)2dt = 0

The analysis confirms this equation has a unique solution τM ∈ (0,M). We solve:

−cM (eτM − 1) + c2M

∫ −τM

−M

(e−t − 1)2dt = 0

Multiplying by (eM −M − 1)2:

−(eM −M − 1)(eτM − 1) +

∫ −τM

−M

(e−2t − 2e−t + 1)dt = 0

−(eM −M − 1)(eτM − 1) +

[
−1

2
e−2t + 2e−t + t

]−τM

−M

= 0

−(eM −M − 1)(eτM − 1) +

(
−1

2
e2τM + 2eτM − τM

)
−
(
−1

2
e2M + 2eM −M

)
= 0

Rearranging terms yields the equation for τM :

−1

2
e2τM + (3 +M − eM )eτM − τM +

1

2
e2M − eM − 1 = 0

Let τM = M + γ, where γ ∈ (−M, 0). Substituting and dividing by e2M :

−1

2
e2γ + (3 +M)e−Meγ − eγ − (M + γ)e−2M +

1

2
− e−M − e−2M = 0

Taking the limit as M → ∞:

−1

2
e2γ − eγ +

1

2
= 0 =⇒ e2γ + 2eγ − 1 = 0
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Solving the quadratic equation for eγ yields eγ =
−2±

√
4−4(1)(−1)

2 = −1±
√
2. Since eγ > 0, we

must have eγ =
√
2− 1.

Calculating Limiting Accuracy: The accuracy AM in the equilibrium (τM , τM ) is at least FM (−τM )2.
We evaluate the limit of this lower bound:

lim
M→∞

FM (−τM ) = lim
M→∞

FM (−M − γ)

= lim
M→∞

cM (−eM+γ − (−M − γ) + eM −M)

= lim
M→∞

−eMeγ + γ + eM

eM +M − 1

= lim
M→∞

eM (1− eγ) + γ

eM +M − 1

= 1− eγ (since eM dominates M as M → ∞)

= 1− (
√
2− 1) = 2−

√
2

Therefore, in two homogeneous setting, ACC(MLCM ) ≤ (limM→∞ FM (−τM ))2 = (2 −
√
2)2.

Since we established a general lower bound of (2−
√
2)2 for the accuracy in any symmetric NE, and

we constructed a specific family of distributions for which the accuracy approaches this value in the
limit, we conclude that the worst-case accuracy is exactly (2−

√
2)2, and the bound is tight.

B.3 Proof of Theorem 3

Proof. Let f(t) and F (t) denote the common PDF and CDF of the true impression times ti for n
homogeneous platforms, supported on (−∞, 0]. In a symmetric Nash equilibrium, all platforms
adopt the same strategy (τ0, . . . , τ0), so the reported times are ri = ti + τ0. The LCM attributes
credit to the platform with the latest valid report (ri ≤ 0). The accuracy ACC(MLCM;F×n) is the
probability that the platform with the latest true impression time ti < 0 is correctly attributed, which
requires all reports to be valid (ri ≤ 0), occurring with probability F (−τ0)

n.

We prove the theorem in two parts: first, we establish that for any F , in any symmetric equilibrium,

ACC(MLCM;F×n) >

(
1−

(
1

n

) 1
n−1

)n

;

second, we construct a distribution F0 with a symmetric equilibrium such that

ACC(MLCM;F×n
0 ) ≤

1−

(2 +
√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

2


n

.

Step 1: Lower Bound on Accuracy Assume (τ0, . . . , τ0) is a symmetric Nash equilibrium, where
no platform increases its expected utility by unilateral deviation. The expected utility Ui(τi; τ−i =
[τ0]

n−1) of platform i choosing strategy τi, with others choosing τ0, is the probability it receives
attribution.

When all platforms choose τ0, the probability that at least one report is valid (rj ≤ 0) is:

1− P (rj > 0,∀j) = 1− P (tj > −τ0, ∀j)
= 1− (1− F (−τ0))

n.

By symmetry, each platform’s utility is:

Ui(τi; τ−i = [τ0]
n−1) =

1

n
[1− (1− F (−τ0))

n] .

If platform i deviates to τi = 0, its report ri = ti ≤ 0 is valid, and it is attributed if all other reports
are invalid (tj > −τ0 for j ̸= i). This occurs with probability:

Ui(0; τ−i = [τ0]
n−1) ≥ (1− F (−τ0))

n−1.
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The equilibrium condition requires:

1

n
[1− (1− F (−τ0))

n] ≥ (1− F (−τ0))
n−1.

Multiplying by n:
1− (1− F (−τ0))

n ≥ n(1− F (−τ0))
n−1.

Let x = 1− F (−τ0) ∈ [0, 1]. The inequality becomes:

1− xn ≥ nxn−1 or g(x) = xn + nxn−1 − 1 ≤ 0.

Compute the derivative:

g′(x) = nxn−1 + n(n− 1)xn−2 = nxn−2(x+ n− 1) > 0 for x ∈ [0, 1].

Thus, g(x) is strictly increasing. Evaluate at:

• x =
(

1
n+1

) 1
n−1

: g(x) < 0 (since
(

1
n+1

) 1
n−1

< 1).

• x =
(
1
n

) 1
n−1 : g(x) =

(
1
n

) n
n−1 + n · 1

n − 1 > 0.

Since g(x) is strictly increasing, there exists a unique root x0 ∈
((

1
n+1

) 1
n−1

,
(
1
n

) 1
n−1

)
such that

g(x0) = 0. Thus, g(x) ≤ 0 implies:

x <

(
1

n

) 1
n−1

.

Therefore:

1− F (−τ0) <

(
1

n

) 1
n−1

, F (−τ0) > 1−
(
1

n

) 1
n−1

.

The accuracy in n homogeneous setting satisfies:

ACC(MLCM) = inf
F

ACC(MLCM;F×n) = F (−τ0)
n >

(
1−

(
1

n

) 1
n−1

)n

.

Step 2: Upper Bound on Accuracy We construct a distribution to demonstrate that the accuracy
can approach the upper bound in a symmetric equilibrium. Define the PDF:

f(t) =

{
−2t if t ∈ [−1, 0],

0 otherwise.

Verify that f(t) is a valid PDF:∫ 0

−1

f(t) dt =

∫ 0

−1

(−2t) dt = −2

[
t2

2

]0
−1

= −2

(
0− 1

2

)
= 1.

The CDF is:

F (t) =

∫ t

−1

(−2u) du = −
[
u2
]t
−1

= −(t2 − 1) = 1− t2, t ∈ [−1, 0].

Compute derivatives:
f ′(t) = −2, f ′′(t) = 0.

Part 2 is divided into two subparts: first, we prove the existence and uniqueness of platform i’s
best response when other platforms’ strategies are fixed at τ−i = [τ2]

×n; second, we establish the
symmetric equilibrium and compute the upper bound on accuracy.
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Existence and Uniqueness of Best Response: Fix the strategies of platforms j ̸= i at τ−i = [τ2]
×n.

Platform i’s expected utility is:

Ui(τi; τ−i = [τ2]
×n) =

∫ −τi

−1

f(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1

dt.

The first derivative is:

U ′
i(τi; τ−i = [τ2]

×n)

=− f(−τi) +

∫ −τi

−1

f(t)(n− 1)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−2

f(t+ τi − τ2) dt

=− f(−τi) +

∫ −τi

−1

f(t)

((
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1
)′

dt

=− f(−τi) +

[
f(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1
]−τi

−1

−
∫ −τi

−1

f ′(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1

dt

=− f(−1)

(
1−

∫ −τ2

−1+τi−τ2

f(u) du

)n−1

−
∫ −τi

−1

f ′(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1

dt.

The second derivative is:

U ′′
i (τi; τ−i = [τ2]

×n)

=− f(−1)(n− 1)

(
1−

∫ −τ2

−1+τi−τ2

f(u) du

)n−2

f(−1 + τi − τ2) + f ′(−τi)

−
∫ −τi

−1

f ′(t)(n− 1)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−2

f(t+ τi − τ2) dt

≤− f(−1)(n− 1)

(
1−

∫ −τ2

−1+τi−τ2

f(u) du

)n−2

f(−1 + τi − τ2) + f ′(−τi)

−

[
f ′(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1
]−τi

−1

+

∫ −τi

−1

f ′′(t)

(
1−

∫ −τ2

t+τi−τ2

f(u) du

)n−1

dt

=− f(−1)(n− 1)

(
1−

∫ −τ2

−1+τi−τ2

f(u) du

)n−2

f(−1 + τi − τ2)

+ f ′(−1)

(
1−

∫ −τ2

−1+τi−τ2

f(u) du

)n−1

< 0.

Thus, U ′
i(τi; τ−i = τ2) is strictly decreasing. Since:

U ′
i(0; τ−i = τ2) =

∫ 0

−1

f(t)(n− 1)

(
1−

∫ −τ2

t−τ2

f(u) du

)n−2

f(t− τ2) dt > 0,

U ′
i(1; τ−i = τ2) = −f(−1) < 0,

there exists a unique τ∗i ∈ (0, 1) such that U ′
i(τ

∗
i ; τ−i = [τ2]

×n) = 0, which is the best response.

Symmetric Equilibrium:

For the symmetric equilibrium, set τi = τ , τ−i = [τ ]×n. The first-order condition is:

U ′
i(τ ; τ−i = [τ ]×n) = −f(−τ) + (n− 1)

∫ −τ

−1

f(t)

(
1−

∫ −τ

t

f(u) du

)n−2

f(t) dt

=− f(−1)

(
1−

∫ −τ

−1

f(u) du

)n−1

−
∫ −τ

−1

f ′(t)

(
1−

∫ −τ

t

f(u) du

)n−1

dt.
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Define h(τ) = U ′
i(τ ; τ−i = [τ ]×n). Compute its derivative:

h′(τ) = −(n− 1)f(−1)

(
1−

∫ −τ

−1

f(u) du

)n−2

f(−τ) + f ′(−τ)

− (n− 1)

∫ −τ

−1

f ′(t)

(
1−

∫ −τ

t

f(u) du

)n−2

f(−τ) dt

≤ −(n− 1)f(−1)

(
1−

∫ −τ

−1

f(u) du

)n−2

f(−τ) + f ′(−τ)

− (n− 1)

∫ −τ

−1

f ′(t)

(
1−

∫ −τ

t

f(u) du

)n−2

f(t) dt

= −(n− 1)f(−1)

(
1−

∫ −τ

−1

f(u) du

)n−2

f(−τ) + f ′(−τ)

−

[
f ′(t)

(
1−

∫ −τ

t

f(u) du

)n−1
]−τ

−1

+

∫ −τ

−1

f ′′(t)

(
1−

∫ −τ

t

f(u) du

)n−1

dt

= −(n− 1)f(−1)

(
1−

∫ −τ

−1

f(u) du

)n−2

f(−τ)

+ f ′(−1)

(
1−

∫ −τ

−1

f(u) du

)n−1

< 0.

Thus, h(τ) is strictly decreasing. Since:

h(0) = (n− 1)

∫ 0

−1

f(t)

(
1−

∫ 0

t

f(u) du

)n−2

f(t) dt > 0,

h(1) = −f(−1) < 0,

there exists a unique τ0 ∈ (0, 1) such that h(τ0) = 0, defining the symmetric equilibrium.

For f(t) = −2t, t ∈ [−1, 0], otherwise 0:

h(τ) = −2τ2n−2 + 2

∫ 1

τ

(1 + τ2 − u2)n−1 du.

Set h(τ) = 0:

τ2n−2 =

∫ 1

τ

(1 + τ2 − u2)n−1 du.

For n = 2:

τ2 =

∫ 1

τ

(1 + τ2 − u2) du = (1− τ) +

[
τ2u− u3

3

]1
τ

= (1− τ) +

(
τ2 − 1

3

)
−
(
τ3 − τ3

3

)
= τ2 +

2

3
− τ − 2

3
τ3.

Thus:
2− 3τ − 2τ3 = 0.

The real root is:

τ0 =

(
2 +

√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

.

Then:

F (−τ0) = 1− τ20 = 1−

(2 +
√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

2

.
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Denote the specific distribution as F0, and the accuracy is:

ACC(MLCM;F×2
0 ) = F0(−τ0)

2 =

1−

(2 +
√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

2


2

.

For n > 2, let A(u) = 1 + τ2 − u2 > 0, u ∈ [τ, 1]. By Jensen’s inequality for xn−1 (n− 1 ≥ 1):(
1

1− τ

∫ 1

τ

A(u) du

)n−1

≤ 1

1− τ

∫ 1

τ

A(u)n−1 du.

Thus: (∫ 1

τ

A(u) du

)n−1

≤
∫ 1

τ

A(u)n−1 du.

So:

h(τ) = 2

[
−τ2n−2 +

∫ 1

τ

(1 + τ2 − u2)n−1 du

]
≥ 2

[
−τ2n−2 +

(∫ 1

τ

(1 + τ2 − u2) du

)n−1
]
.

Since:

−τ2n−2
0 +

(∫ 1

τ0

(1 + τ20 − u2) du

)n−1

= 0,

we have h(τ0) ≥ 0. As h′(τ) < 0, the root τn for n > 2 satisfies τn ≥ τ0. Thus:

F (−τn) ≤ F (−τ0).

The worst-case accuracy satisfies:

ACC(MLCM) = inf
F

ACC(MLCM;F×n) ≤ F (−τn)
n ≤ F (−τ0)

n

=

1−

(2 +
√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

2


n

.

Conclusion

Combining both parts, the ACC(MLCM) in n homogeneous setting satisfies:(
1−

(
1

n

) 1
n−1

)n

< ACC(MLCM) ≤

1−

(2 +
√
6

4

) 1
3

+

(
2−

√
6

4

) 1
3

2


n

.

B.4 Proof of Theorem 4

Proof. To prove that the worst-case accuracy of the Last-Click Mechanism for n platforms with
distributions fi(t) over (−∞, 0] can approach 0 in equilibrium, and that this bound is tight, we
construct a specific set of impression time distributions. We show that a Nash equilibrium exists
where a platform that is never the true last impression receives nearly all attribution, driving the
accuracy to 0. The proof proceeds in five steps: defining the distributions, introducing an equivalent
distribution, establishing the equilibrium, computing the attribution, and analyzing the accuracy in
the original setting.

Step 1: True Impression Time Distributions Consider n platforms with impression times ti, i ∈ [n].
The true PDFs are defined as follows:
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• Platform 1: The impression time t1 follows a uniform distribution over a narrow interval:

f1,true(t) =

{
1
ϵ if t ∈ [−2− ϵ,−2],

0 otherwise,

where ϵ > 0 is a small parameter. The integral
∫ −2

−2−ϵ
1
ϵ dt = 1 confirms that f1,true(t) is a

valid PDF.

• Platforms i ∈ {2, . . . , n}: The impression times ti are all uniformly distributed:

fi(t) =

{
1 if t ∈ [−1, 0],

0 otherwise.

The integral
∫ 0

−1
1 dt = 1 verifies that each fi(t) is a valid PDF.

For any realizations t1 ∼ f1,true and ti ∼ fi, we have t1 ∈ [−2 − ϵ,−2] and ti ∈ [−1, 0]. Since
−t1 ≤ −2 < −1 ≤ ti, platform 1 is never the true last impression. The true last impression is always
one of platforms 2, . . . , n, each equally likely due to their identical distributions.

Step 2: Equivalent Equilibrium-Inducing Distribution

To simplify equilibrium analysis, we define a shifted distribution for platform 1:

f1,eq(t) =

{
1
ϵ if t ∈ [−ϵ, 0],

0 otherwise.

This distribution is related to f1,true by a shift: f1,eq(t) = f1,true(t+ 2). Specifically, f1,true(t) =
1
ϵ

for t ∈ [−2 − ϵ,−2], and shifting the argument by 2 units (i.e., t 7→ t + 2) maps the interval
[−2− ϵ,−2] to [−ϵ, 0]. The distributions fi(t) for i ∈ {2, . . . , n} remain unchanged, i.e., fi(t) = 1
for t ∈ [−1, 0].

The shift aligns platform 1’s distribution support with that of the other platforms, facilitating the
analysis of Nash equilibrium under f1,eq and (fi)i∈{2···n}. Suppose a Nash equilibrium exists where
platform 1 reports t1 + τ1 under f1,eq. In the original setting with f1,true and (fi)

n
i=2, platform 1 can

report t1 + 2 + τ1, compensating for the 2-unit shift between f1,true and f1,eq. Since the Last-Click
Mechanism depends on the relative ordering of reported times, this adjustment ensures that the
attribution probabilities remain identical. Therefore, we analyze the equilibrium using f1,eq and verify
the results in the original setting.

Step 3: Existence of Nash Equilibrium

We hypothesize a equilibrium where platforms i ∈ {2, . . . , n} all report τ2 , and platform 1 reports
optimally (τ1). The Last-Click Mechanism attributes the click to the platform with the latest reported
time ti + τi. Platforms i ∈ {2, . . . , n}: For any platform i ∈ {2, . . . , n}, given platform 1’s strategy
τ1 and the common strategy τ2 of platforms j ∈ {2, . . . , n}\{i}, the expected attribution of platform
i as a function of its strategy τ is:

ei(τ |τ1, τ2) =
∫ −τ

−∞
f2(t)

(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−2(
1−

∫ −τ1

t+τ−τ1

f1,eq(u) du

)
dt.
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The derivative is:

e′i(τ |τ1, τ2) = −f2(−τ) +

∫ −τ

−∞
f2(t)

[
(n− 2)

(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−3

f2(t+ τ − τ2)

×
(
1−

∫ −τ1

t+τ−τ1

f1,eq(u) du

)
+

(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−2

f1,eq(t+ τ − τ1)

]
dt

= −f2(−τ) +

∫ −τ

−1

f2(t)

[(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−2(
1−

∫ −τ1

t+τ−τ1

f1,eq(u) du

)]′
dt

= −f2(−τ) +

[
f2(t)

(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−2(
1−

∫ −τ1

t+τ−τ1

f1,eq(u) du

)]−τ

−1

−
∫ −τ

−1

f ′
2(t)

(
1−

∫ −τ2

t+τ−τ2

f2(u) du

)n−2(
1−

∫ −τ1

t+τ−τ1

f1,eq(u) du

)
dt

= −f2(−1)

(
1−

∫ −τ2

−1+τ−τ2

f2(u) du

)n−2(
1−

∫ −τ1

−1+τ−τ1

f1,eq(u) du

)
< 0,

since f ′
2(t) = 0 in [−1, 0], f2(−1) = 1, and the boundary term at t = −τ cancels out. Thus,

regardless of τ1 and τ2, platform i’s optimal strategy is to report truthfully (τ = 0).

By symmetry among platforms i ∈ {2, . . . , n}, if an equilibrium exists where these platforms adopt
identical strategies, then each platform i ∈ {2, . . . , n} reports truthfully.

Platform 1: Now consider platform 1 when platforms 2, . . . , n report truthfully (τi = 0). The
expected attribution function is:

e1(τ) =

∫ −τ

−ϵ

f1,eq(t)

(
1−

∫ 0

t+τ

f2(u) du

)n−1

dt.

The derivative is:

e′1(τ) = −f1,eq(−τ) +

∫ −τ

−ϵ

f1,eq(t)(n− 1)

(
1−

∫ 0

t+τ

f2(u) du

)n−2

f2(t+ τ) dt

= −f1,eq(−τ) +

∫ −τ

−ϵ

f1,eq(t)

[(
1−

∫ 0

t+τ

f2(u) du

)n−1
]′

dt

= −f1,eq(−τ) +

[
f1,eq(t)

(
1−

∫ 0

t+τ

f2(u) du

)n−1
]−τ

−ϵ

= −f1,eq(−τ) + f1,eq(−τ)− f1,eq(−ϵ)

(
1−

∫ 0

−ϵ+τ

f2(u) du

)n−1

= −f1,eq(−ϵ)

(
1−

∫ 0

−ϵ+τ

f2(u) du

)n−1

< 0.

Thus, when platform 1 follows f1,eq and platforms 2, . . . , n report truthfully, platform 1’s optimal
strategy is to report truthfully (τ = 0).

Step 4: Attribution Calculation at Equilibrium

Thus, truthful reporting is an equilibrium under distributions f1,eq and f2. In this equilibrium, where
all platforms report truthfully (τi = 0), platform 1’s attribution is:

e1(0) =

∫ 0

−ϵ

1

ϵ

(
1−

∫ 0

t

1 du

)n−1

dt.

Substitute s = −t, so dt = −ds, and the limits become s = 0 to s = ϵ:

e1(0) =

∫ ϵ

0

1

ϵ
(1− s)n−1 ds =

1

ϵ

[
− 1

n
(1− s)n

]ϵ
0

=
1

nϵ
[1− (1− ϵ)n] .
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When ϵ → 0:

lim
ϵ→0

1

n

1

ϵ
[1− (1− ϵ)n] =

1

n
lim
ϵ→0

1− (1− ϵ)n

ϵ
=

1

n
lim
ϵ→0

n(1− ϵ)n−1

1
= 1.

Thus, as ϵ → 0, platform 1’s attribution e1(0) → 1, and the attribution for platforms i ∈ {2, . . . , n}
is:

ei(0) =
1− e1(0)

n− 1
→ 0.

Step 5: Accuracy in the Original Setting and Tightness

In the original setting with f1,true for platform 1 and f2(t) for the other platforms, platform 1 reports
t1 + 2 to mimic the equilibrium strategy under f1,eq. Since f1,eq(t) = f1,true(t+ 2), this ensures the
same attribution probabilities, with e1(0) → 1 and

∑n
i=2 ei(0) → 0 as ϵ → 0. Although platform 1

is never the true last impression, the true last impression is always one of platforms 2, . . . , n. The
accuracy, defined as the probability that the attributed platform is the true last impression, satisfies:

ACC(MLCM) ≤ ACC(MLCM;F ) ≤
n∑

i=2

ei(0) → 0,

since the probability of correctly attributing the true last impression is at most the total attribution
probability of platforms 2, . . . , n, which approaches 0. This demonstrates that the worst-case accuracy
approaches 0. The construction shows the bound is tight, as the accuracy can be made arbitrarily
close to 0 by choosing sufficiently small ϵ.

C Missing Proofs in Section 4

C.1 Existence and Uniqueness of Thresholds

Here we provide a detailed analysis of the existence and uniqueness of the validation threshold α
(i)
S

and the prior probability βi in the Peer-Validated Mechanism (PVM), as referenced in the main
text. Here, α(i)

S is the threshold for platform i given the set S = {j ∈ [n] | rj ≤ 0}, solving
Gi(α

(i)
S ) = βi, where Gi(t) =

∏
j∈S\{i} Fj(t) is the CDF of the maximum click time among i’s

peers, and βi =
∫ 0

−∞ fi(t)
∏

j ̸=i Fj(t) dt is the prior probability that i is the true last-click platform.

Standard Case: If Gi(t) is continuous and strictly increasing, then in this standard case, for any
βi ∈ (0, 1), a unique solution α

(i)
S is guaranteed to exist by the Intermediate Value Theorem.

Special Case 1 (Flat CDF): If Gi(t) has a flat region, and βi falls within this flat range, the threshold
α
(i)
S would not be unique. However, a flat region in Gi(t) implies that the probability of the maximum

peer click time occurring within that specific interval is zero (P (max t−i ∈ [a, b]) = 0). Therefore,
any threshold α

(i)
S chosen within this flat interval will yield the exact same attribution outcome. The

choice is arbitrary and has no impact on the mechanism’s performance.

Special Case 2 (Discontinuous CDF): In the rare event that Gi(t) could have a jump discontinuity
at a point θ such that Gi(θ−) < βi < Gi(θ), a single threshold α

(i)
S would not exist. This scenario

implies a non-zero probability that max t−i = θ. The mechanism can be modified to handle this
by using a probabilistic assignment: if max t−i = θ, we assign credit to platform i with a specific
probability p such that the expected attribution remains βi. However, we consider this case to be of
limited practical relevance, as click times are typically modeled as continuous random variables.

C.2 Proof of Proposition 2

Proof. We prove the two properties separately.

Part 1: PVM is Feasible We verify the three feasibility constraints defined in Section 2.

Constraint 1: 0 ≤ xi(r) ≤ 1 for all i ∈ [n] and all r. It is easy to check that xi(r) ∈ {0, ei, 1}.
Therefore, it satisfied Constraint 1.
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Constraint 2: xi(r) = 0 if ri > 0.

The term I[ri ≤ 0] is part of the definition of xi(r). If ri > 0, then I[ri ≤ 0] = 0, which makes the
entire product xi(r) = 0. This constraint is satisfied.

Constraint (3): Et∼F [
∑n

i=1 xi(t+ τ )] ≤ 1 ∀F , τ

Suppose there are n platforms with click time distributions F , and let τ denote the reporting strategy
profile. Let ei ∈ [0, 1] denote the true probability that platform i is the last click, and êi its expected
attribution under PVM. Define S as the set of all subsets of [n], and for each subset S, let P (S) be the
probability that exactly the platforms in S report before the conversion time (i.e., are eligible). Then:

êi =
∑
S∈S

P (S) I[i ∈ S]

(
I[|S \ {i}| ≥ 1]P

(
max

j∈S\{i}
rj ≤ α

(i)
S

)
+ I[|S \ {i}| = 0] ei

)
≤
∑
S∈S

P (S) I[i ∈ S]

(
I[|S \ {i}| ≥ 1]P

(
max

j∈S\{i}
tj ≤ α

(i)
S

)
+ I[|S \ {i}| = 0] ei

)
=
∑
S∈S

P (S) I[i ∈ S] (I[|S \ {i}| ≥ 1] ei + I[|S \ {i}| = 0] ei)

=
∑
S∈S

P (S) I[i ∈ S] ei

≤ ei.

Summing over all i ∈ [n], we obtain:

Et∼F

[
n∑

i=1

xi(t+ τ )

]
=

n∑
i=1

êi ≤
n∑

i=1

ei = 1,

which confirms that Constraint 3 is satisfied.

Part 2: PVM is DSIC Fix any r−i. Under the PVM, the allocation rule xi(ri, r−i) depends on ri
only through the indicator I[ri ≤ 0], which is a non-increasing function of ri. Therefore, xi(ri, r−i)
is also non-increasing in ri.

By Theorem 1, this monotonicity implies that PVM satisfies the DSIC property.

C.3 Proof of Lemma 1

Proof. We aim to maximize the expected correct attribution, defined as

Et [xi(ti, t−i) · I[ti > max{t−i}]] ,

subject to two constraints: (1) xi(ti, t−i) must be non-negative and non-increasing in ti for any fixed
t−i (ensuring DSIC), and (2) the expected attribution is fixed, i.e., Et[xi(ti, t−i)] = ei. We also
require that xi(ti, t−i) ∈ [0, 1] for all ti, reflecting the feasibility.

To determine the optimal allocation, we first derive an upper bound on the conditional accuracy for a
given max{t−i} = m ∈ (−∞, 0]. Fix t

(0)
−i such that max{t(0)−i } = m. The expected attribution is:

Eti [xi(ti, t
(0)
−i )] =

∫ 0

−∞
xi(ti, t

(0)
−i )fi(ti) dti,

and the expected correct attribution, occurring when ti > m, is:

Eti [xi(ti, t
(0)
−i ) · I[ti > m]] =

∫ 0

m

xi(ti, t
(0)
−i )fi(ti) dti.

If Eti [xi(ti, t
(0)
−i )] = 0, no attribution is assigned, and the accuracy is undefined. If∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti = 0, the correct attribution is zero, so the accuracy is zero, which does
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not contribute to deriving a non-trivial upper bound. Thus, we assume Eti [xi(ti, t
(0)
−i )] > 0 and∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti > 0, ensuring both the denominator and numerator are non-zero. The

conditional accuracy, weighted by the density gi(t
(0)
−i ), is:

Eti [xi(ti, t
(0)
−i ) · I[ti > m]]

Eti [xi(ti, t
(0)
−i )

=

∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti∫ 0

−∞ xi(ti, t
(0)
−i )fi(ti) dti

.

Splitting the denominator, we obtain:∫ 0

−∞
xi(ti, t

(0)
−i )fi(ti) dti =

∫ m

−∞
xi(ti, t

(0)
−i )fi(ti) dti +

∫ 0

m

xi(ti, t
(0)
−i )fi(ti) dti,

so the accuracy becomes:∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti∫m

−∞ xi(ti, t
(0)
−i )fi(ti) dti +

∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti

=
1∫ m

−∞ xi(ti,t
(0)
−i )fi(ti) dti∫ 0

m
xi(ti,t

(0)
−i )fi(ti) dti

+ 1

.

Since xi(ti, t
(0)
−i ) is non-increasing, xi(ti, t

(0)
−i ) ≥ xi(m, t

(0)
−i ) for ti ≤ m, and xi(ti, t

(0)
−i ) ≤

xi(m, t
(0)
−i ) for ti ≥ m. Thus:∫m

−∞ xi(ti, t
(0)
−i )fi(ti) dti∫ 0

m
xi(ti, t

(0)
−i )fi(ti) dti

≥
∫m

−∞ xi(m, t
(0)
−i )fi(ti) dti∫ 0

m
xi(m, t

(0)
−i )fi(ti) dti

=
xi(m, t

(0)
−i )Fi(m)

xi(m, t
(0)
−i )(1− Fi(m))

=
Fi(m)

1− Fi(m)
.

Hence:

Accuracy ≤ 1
Fi(m)

1−Fi(m) + 1
=

1− Fi(m)

Fi(m) + 1− Fi(m)
= 1− Fi(m).

Equality holds when xi(ti, t
(0)
−i ) = c > 0, as:∫ 0

m
cfi(ti) dti∫ 0

−∞ cfi(ti) dti
= 1− Fi(m).

Thus, the conditional accuracy is at most 1− Fi(m).

We now prove that the proposed rule:

x∗
i (ti, t−i) =

{
1, if max{t−i} ≤ θi,

0, otherwise,

with Gi(θi) = ei, is optimal. This rule is DSIC, as it is independent of ti, and satisfies:

Et[x
∗
i (ti, t−i)] = P(max{t−i} ≤ θi) = Gi(θi) = ei.

Suppose there exists an optimal mechanism xi(ti, t−i) ̸= x∗
i (ti, t−i), which maximizes

Et[xi(ti, t−i) · I[ti > max{t−i}]], satisfies DSIC, and meets Et[xi(ti, t−i)] = ei. Since xi ̸= x∗
i ,

there exists some t
(1)
−i with max{t(1)−i } = m1 ≤ θi such that xi(·, t(1)−i ) is not identically 1, i.e.:

Eti [xi(ti, t
(1)
−i )] =

∫ 0

−∞
xi(ti, t

(1)
−i )fi(ti) dti < 1.

Define the attribution deficit as:

δ = gi(t
(1)
−i ) · (1− Eti [xi(ti, t

(1)
−i )]) > 0,

where gi(t
(1)
−i ) is the density of t(1)−i . This deficit δ represents the portion of expected attribution not

assigned at t(1)−i . To maintain Et[xi(ti, t−i)] = ei, this deficit must be allocated elsewhere. Since x∗
i

assigns zero attribution for max{t−i} > θi, we abstract a single t
(2)
−i with max{t(2)−i } = m2 > θi,

such that the expected attribution at t(2)−i is exactly:

Eti [xi(ti, t
(2)
−i )] · gi(t

(2)
−i ) = δ = gi(t

(1)
−i ) · (1− Eti [xi(ti, t

(1)
−i )]).
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From the accuracy bound, the accuracy at m1 ≤ θi is at most 1 − Fi(m1) ≥ 1 − Fi(θi), while at
m2 > θi, it is at most 1− Fi(m2) ≤ 1− Fi(θi). Construct a new mechanism x′

i by setting:

x′
i(ti, t

(1)
−i ) = 1, x′

i(ti, t
(2)
−i ) = 0,

and keeping x′
i(ti, t−i) = xi(ti, t−i) for all other t−i. The expected attribution of x′

i is:

Et[x
′
i(ti, t−i)] = Et[xi(ti, t−i)]− δ + δ = ei,

since the increase at t(1)−i (gi(t
(1)
−i ) · (1 − Eti [xi(ti, t

(1)
−i )])) offsets the decrease at t(2)−i . Before the

change, the attribution at t(1)−i , with expected amount gi(t
(1)
−i ) · Eti [xi(ti, t

(1)
−i )], had an accuracy

of at most 1 − Fi(m1), and the δ-portion at t(2)−i had an accuracy of at most 1 − Fi(m2). After

the change, the total attribution at t(1)−i , now gi(t
(1)
−i ) · Eti [xi(ti, t

(1)
−i )] + δ = gi(t

(1)
−i ), achieves an

accuracy of exactly 1−Fi(m1). Since the original attribution at t(1)−i had accuracy ≤ 1−Fi(m1), the
transferred δ-portion must contribute an accuracy ≥ 1− Fi(m1) to maintain the weighted average
of 1− Fi(m1). Thus, the δ-portion, previously at t(2)−i with accuracy ≤ 1− Fi(m2), now achieves
accuracy ≥ 1− Fi(m1). Since m1 ≤ θi < m2, we have:

1− Fi(m1) ≥ 1− Fi(θi) ≥ 1− Fi(m2).

Hence, the δ-portion’s accuracy increases from ≤ 1− Fi(m2) to ≥ 1− Fi(m1) ≥ 1− Fi(m2), not
decreasing the overall expected correct attribution. This x′

i is also optimal.

Thus, x∗
i (ti, t−i) maximizes Et[xi(ti, t−i) · I[ti > max{t−i}]], satisfies DSIC, and meets

Et[x
∗
i (ti, t−i)] = ei with Gi(θi) = ei.

C.4 Proof of Theorem 5

Proof. We prove the optimality of PVM in the homogeneous setting in two steps. First, we show that
PVM assigns the same threshold to all platforms. Then, we prove that this symmetric allocation rule
is indeed optimal among all DSIC mechanisms.

In the homogeneous setting, each platform i ∈ [n] under PVM is assigned an allocation rule:

xi(t) =

{
1 if max{t−i} ≤ αi

0 otherwise
(5)

where the threshold αi is chosen such that∏
j ̸=i

Fj(αi) =
1

n
.

Due to symmetry (i.e., all Fj = F ), this reduces to

n · F (αi)
n−1 = 1, ∀i ∈ [n].

Thus, all αi are equal, and we denote the common threshold by α, which satisfies

F (α) =

(
1

n

)1/(n−1)

.

We now argue that this allocation rule is optimal. Note that any optimal DSIC mechanism must
allocate a total expected credit of 1; otherwise, unallocated credit does not contribute to attribution
accuracy, and reallocating it (without violating DSIC) could only improve or preserve performance.

By Lemma 1, any DSIC mechanism can be reduced to a threshold-based one. Therefore, it suffices to
consider threshold-based mechanisms that allocate full expected credit.

Suppose there exists an optimal threshold-based mechanism with K ≥ 2 platforms using thresholds
different from α. Then, there must exist at least two platforms with thresholds on opposite sides of
α. Without loss of generality, let platform 1 use θ1 < α and platform 2 use θ2 > α, with allocation
rules:

x
(0)
1 (t) = I

[
max
j ̸=1

tj ≤ θ1

]
, x

(0)
2 (t) = I

[
max
j ̸=2

tj ≤ θ2

]
.
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Now consider reallocating attribution from platform 2 to platform 1 over the region where
maxj ̸=1 tj ∈ (α, θ2]. Define the modified allocation:

x
(1)
1 (t) = I

[
max
j ̸=1

tj ≤ θ1 or max
j ̸=1

tj ∈ (α, θ2]

]
, x

(1)
2 (t) = I

[
max
j ̸=2

tj ≤ α

]
.

By symmetry, this transformation preserves both the expected total attribution and overall accuracy.

Applying Lemma 1 again, there exists a new threshold θ′1 such that

x
(2)
1 (t) = I

[
max
j ̸=1

tj ≤ θ′1

]
achieves the same expected credit and accuracy as x(1)

1 .

If θ′1 = α, the number of platforms with thresholds different from α becomes K − 2. Otherwise, it is
reduced to K − 1. In this latter case, there must exist another platform i with threshold θi ̸= α such
that (θ′1 − α)(θi − α) < 0, i.e., the two thresholds lie on opposite sides of α. We can then repeat the
above exchange process between platform 1 and platform i.

This iterative process terminates when all platforms use threshold α (i.e., K = 0), yielding a
symmetric, DSIC mechanism with the same optimal accuracy. This is exactly the allocation rule
implemented by PVM in the homogeneous setting. The proof is complete.

C.5 Proof of Theorem 6

Proof. Since the platforms are homogeneous, the thresholds are identical, i.e.,

θ1 = θ2 = · · · = θn = θ.

By definition, the threshold θ is chosen so that for any platform i,∏
j ̸=i

Fj(θ) =

∫ 0

−∞
fi(t)

∏
j ̸=i

Fj(t) dt.

Due to the symmetry, the probability that any individual platform’s true display time satisfies

ti ≤ θ

is given by

P (ti ≤ θ) =

(
1

n

) 1
n−1

.

Denote

a =

(
1

n

) 1
n−1

.

Then, by construction, the probability that the report times of the other n− 1 platforms are all at most
θ is

an−1 =

[(
1

n

) 1
n−1

]n−1

=
1

n
.

Correct attribution occurs under two mutually exclusive events:

1. All n platforms report times no greater than θ. The probability of this event is

an.

2. Exactly one platform fails to report a time at most θ (and hence n− 1 platforms report times
≤ θ). There are

(
n
1

)
= n ways to choose which platform exceeds θ, and the probability for

each such configuration is
an−1(1− a).

Thus, the total probability of this event is

nan−1(1− a).
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Hence, the overall accuracy of the Peer-Validated Mechanism is

ACC(MLCM;F×n) = an + nan−1(1− a) = an−1
(
a+ n(1− a)

)
.

Since
an−1 =

1

n
,

we have
ACC(MLCM;F×n) =

1

n

(
a+ n(1− a)

)
= 1− n− 1

n
a.

Substituting back a =
(
1
n

) 1
n−1 , we obtain the stated accuracy:

ACC(MLCM;F×n) = 1−
(
1− 1

n

)( 1

n

) 1
n−1

.

Therefore

ACC(MLCM) = inf
F

ACC(MLCM;F×n) = 1−
(
1− 1

n

)( 1

n

) 1
n−1

C.6 Proof of Theorem 7

Proof. We proceed in two parts: first, we formulate an optimization problem to derive the lower
bound on accuracy; second, we construct specific distributions to demonstrate that this bound is
achievable, thereby proving its tightness.

Part 1: Derivation of the Lower Bound via Optimization

Consider two platforms, where p ∈ [0, 1] represents the probability that Platform 1 is the true
last-displaying platform, and 1− p is the corresponding probability for Platform 2. Since the PVM
is dominant-strategy incentive-compatible (DSIC), there exist thresholds θ1 and θ2 such that the
allocation functions for Platforms 1 and 2 are defined as:

x1(t2) =

{
1, if t2 ≤ θ1,

0, otherwise,
x2(t1) =

{
1, if t1 ≤ θ2,

0, otherwise.

These thresholds satisfy P (t2 ≤ θ1) = p and P (t1 ≤ θ2) = 1− p. Without loss of generality, we
assume θ1 ≤ θ2.

To model the display times, we partition the domain (−∞, 0] into three intervals for Platform
1: (−∞, θ1], (θ1, θ2], and (θ2, 0], with corresponding probabilities 1 − p − x, x, and p, where
x ∈ [0, 1− p]. Similarly, for Platform 2, the same intervals have probabilities p, y, and 1− p− y,
respectively, where y ∈ [0, 1− p].

When the display times t1 and t2 fall in different intervals, the relative ordering of t1 and t2 and the
correctness of attribution are straightforward. However, when t1 and t2 lie within the same interval,
we define b1, b2, and b3 ∈ [0, 1] as the probabilities that t1 > t2 in the intervals (−∞, θ1], (θ1, θ2],
and (θ2, 0], respectively.

Since Platform 1 is the true last-displaying platform with probability p, we apply the law of total
probability to obtain:

p = P (t1 ∈ (θ2, 0])P (t2 ∈ (−∞, θ2])

+ P (t1 ∈ (θ1, θ2])P (t2 ∈ (−∞, θ1])

+ b1P (t1 ∈ (−∞, θ1])P (t2 ∈ (−∞, θ1])

+ b2P (t1 ∈ (θ1, θ2])P (t2 ∈ (θ1, θ2])

+ b3P (t1 ∈ (θ2, 0])P (t2 ∈ (θ2, 0]).

This constraint ensures that the probability for Platform 1 is p, while the complementary probability
1− p for Platform 2 is naturally satisfied, as the total probability across both platforms sums to 1.
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The probability of misattribution, denoted False, occurs when the PVM incorrectly attributes the
last display, given by:

False = P (t1 ∈ (θ1, θ2])P (t2 ∈ (θ1, θ2])P (t1 > t2|t1, t2 ∈ (θ1, θ2])

+ P (t1 ∈ (θ2, 0])P (t2 ∈ (θ1, θ2])

+ P (t1 ∈ (θ2, 0])P (t2 ∈ (θ2, 0])

=b2xy + p(1− p).

To determine the worst-case accuracy, we aim to maximize the misattribution probability through the
following optimization problem:

max b2xy + p(1− p)

s.t. p = p(p+ y) + xp+ b1(1− p− x)p+ b2xy + b3p(1− p− y),

0 ≤ x ≤ 1− p,

0 ≤ y ≤ 1− p,

p ∈ [0, 1],

b1, b2, b3 ∈ [0, 1].

To simplify this optimization, we first demonstrate that the contributions of b1 and b3 can be set to
zero without loss of optimality, as they do not directly contribute to the misattribution probability.

Lemma 2. There exists an optimal solution where b1 = b3 = 0.

Proof. Consider an optimal solution where b1, b3 > 0 satisfies the constraint p = p(p+ y) + xp+
b1(1− p−x)p+ b2xy+ b3p(1− p− y), implying p(p+ y)+xp+ b2xy ≤ p. We analyze two cases:

• Case 1: If there exists b′2 such that b2 ≤ b′2 ≤ 1 and p(p+ y) + xp+ b′2xy = p, then setting
(b1, b2, b3) = (0, b′2, 0) increases the objective function, as b′2xy ≥ b2xy, while keeping
feasible.

• Case 2: If p(p+ y) + xp+ xy < p, note that p(p+ y) + xp+ xy = (p+ x)(p+ y). Since
(p+ x̂)(p+ ŷ) ∈ [p2, 1] for x̂, ŷ ∈ [0, 1−p], there exist x ≤ x′ ≤ 1−p and y ≤ y′ ≤ 1−p
such that (p + x′)(p + y′) = p. Setting (x, y, b1, b2, b3) = (x′, y′, 0, 1, 0) increases the
objective function, as x′y′ ≥ b2xy. And it is still feasible.

Thus, an optimal solution exists with b1 = b3 = 0.

Applying this result, the constraint simplifies to:

p = p2 + p(x+ y) + b2xy =⇒ b2xy = p− p2 − p(x+ y).

Since b2 ∈ [0, 1], we derive:

p− p2 − p(x+ y) ≥ 0 =⇒ x+ y ≤ 1− p,

p− p2 − p(x+ y) ≤ xy =⇒ p2 + p(x+ y) + xy ≥ p.

The optimization problem becomes:

max 2(p− p2)− p(x+ y)

s.t. x+ y ≤ 1− p,

p2 + p(x+ y) + xy ≥ p,

x ≤ 1− p,

y ≤ 1− p,

x, y ≥ 0.

To further simplify, we explore whether symmetry in the variables x and y can be assumed, as this
may streamline the optimization by reducing the number of variables.
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Lemma 3. There exists an optimal solution where x = y.

Proof. Suppose an optimal solution has x∗ + y∗ = S with x∗ ̸= y∗. Define x′ = y′ = S
2 . The

objective function 2(p − p2) − p(x + y) remains unchanged, as x′ + y′ = S. By the arithmetic
mean-geometric mean (AM-GM) inequality, x′y′ ≥ x∗y∗, and all constraints are satisfied. Hence, an
optimal solution exists with x = y.

Assuming x = y, the optimization problem simplifies to:

max 2(p− p2)− 2px

s.t. x ≤ 1− p

2
,

p2 + 2px+ x2 ≥ p,

x ≤ 1− p,

x ≥ 0,

p ∈ [0, 1].

The constraint p2 + 2px + x2 ≥ p implies (p + x)2 ≥ p, yielding x ≥ √
p − p (discarding the

infeasible root p+ x ≤ −√
p). Thus, the problem reduces to:

max 2p(1− p− x)

s.t.
√
p− p ≤ x ≤ 1− p

2
,

p ∈ [0, 1].

Since 1−p
2 ≥ √

p− p for all p ∈ [0, 1] (as 1 + p ≥ 2
√
p), the objective function is maximized when

x =
√
p− p. Therefore, the problem becomes:

max 2p(1−√
p)

s.t. p ∈ [0, 1].

Define the function g(p) = 2p(1 −√
p). Its derivative is g′(p) = 2 − 3

√
p, and setting g′(p) = 0

yields p = 4
9 . Since g(p) is increasing on (0, 4

9 ) and decreasing on ( 49 , 1), the maximum occurs at
p = 4

9 , where:

g

(
4

9

)
= 2 · 4

9
·

(
1−

√
4

9

)
=

8

27
.

Thus, the worst-case probability of misattribution is 8
27 , and the corresponding worst-case accuracy

is:
1− 8

27
=

19

27
.

Part 2: Establishing the Tightness of the Bound

To demonstrate that the accuracy bound of 19
27 is tight, we construct explicit distributions for Platforms

1 and 2. Define the probability density function for Platform 1 as:

f1(t) =

{
1, t ∈

(
− 22

9 ,−2
]
∪
(
− 13

9 ,− 11
9

]
∪
(
− 1

3 , 0
]
,

0, otherwise,

and for Platform 2 as:

f2(t) =

{
1, t ∈

(
− 25

9 ,− 22
9

]
∪
(
− 11

9 ,−1
]
∪
(
− 7

9 ,−
1
3

]
,

0, otherwise.
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By evaluating the probability of correct attribution under the PVM with these distributions, we
confirm that the accuracy is precisely 19

27 . This result establishes that the lower bound derived in Part
1 is achievable.

In conclusion, we have rigorously demonstrated that the worst-case accuracy of the PVM for two
platforms with arbitrary probability density functions f1 and f2 over (−∞, 0] is 19

27 . By constructing
specific distributions that achieve this accuracy, we have proven that this bound is tight.

C.7 Proof of Theorem 8

Proof. We aim to lower bound the worst-case accuracy of PVM for n platforms with arbitrary
independent display-time distributions fi(t) supported on (−∞, 0]. To this end, we construct a
tree-based mechanism Mtree, show that it is DSIC and matches PVM in expected attribution, and
then prove that PVM achieves at least the same accuracy. Finally, we lower bound the accuracy of
Mtree via induction.

Step 1: Definition of the Tree-Based Mechanism. Let d = ⌈log2 n⌉, and construct a complete
binary tree of depth d: the root node S0contains all platforms,S0 = {1, . . . , n}; each internal node
splits its platform subset into disjoint halves L and R; leaf nodes are singletons {i}, padded if
necessary.

Given report profile r, define the eligible set S = {i | ri ≤ 0}. At each internal node with children L
and R, define thresholds:

P

(
max

j∈R∩S
tj ≤ θL

)
= P (last click ∈ L | last click ∈ (L ∪R) ∩ S) ,

and similarly for θR. If the corresponding report maxima satisfy the threshold condition, recursion
continues down that child; otherwise, attribution halts. At a leaf {i}, assign

xtree
i (r) = I[ri ≤ 0].

Incentive Compatibility. The mechanism is DSIC: reporting ri > ti risks ri > 0, which sets
xi = 0, while under-reporting is infeasible. Thus, truthful reporting ri = ti is dominant, and we may
assume r = t in analysis.

Expected Attribution. We show by induction that E[xtree
i ] = P (i = argmaxj tj). Base case: At

the root, all probability mass is preserved. Inductive step: At each node, the threshold test partitions
the probability mass proportionally to the conditional probability of being the last click in each
child. Hence, the correct mass propagates recursively to the leaf corresponding to the true last-click
platform.

Step 2: PVM Dominates the Tree Mechanism. PVM is also DSIC and satisfies:

E[xPVM
i ] = P (i = argmax

j
tj).

By Lemma 1, among all DSIC mechanisms with fixed expected attribution ei, the single-threshold
rule

xi(ti, t−i) = I
[
max
j ̸=i

tj ≤ θi

]
,

where Gi(θi) = ei, is an optimal attribution rule. Since PVM uses this optimal structure, and Mtree
achieves the same ei, it follows:

E[xPVM
i · I[i = argmax

j
tj ]] ≥ E[xtree

i · I[i = argmax
j

tj ]].

Summing over i yields:
ACC(PVM) ≥ ACC(Mtree).
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Step 3: Bounding Tree Mechanism Accuracy. Let Ek denote the event that the true last-click
platform survives after k tree levels. Clearly, P (E0) = 1. At each level of the tree, the mechanism
compares two disjoint subsets of platforms—denoted L and R—based on the maximum reported
times within each group. This effectively reduces the comparison to a two-platform setting, where
the “virtual platforms” are represented by maxj∈L tj and maxj∈R tj . Thus, a PVM-style validation
test can be applied between these two groups, using thresholds that align with the probability that the
true last click lies in one group versus the other. By Theorem 7, each such binary test preserves the
true platform with probability at least 19

27 . Thus:

P (Ek) = P (Ek−1) · P (Ek−1|Ek) ≥ P (Ek−1) ·
19

27

P (Ed) ≥
(
19

27

)d

=

(
19

27

)⌈log2 n⌉

.

This gives:

ACC(Mtree) ≥
(
19

27

)⌈log2 n⌉

.

Conclusion. Combining the steps:

ACC(PVM) ≥ ACC(Mtree) ≥
(
19

27

)⌈log2 n⌉

.

C.8 Proof of Proposition 3

Since PVM is DSIC, we get

Et[xi(t)] = Et[max
j ̸=i

{tj} ≤ αi] =
∏
j ̸=i

Fj(αi) = P (i = argmax
j

{tj}),

which means that PVM is fair.

C.9 Proof of Proposition 4

Proof. We analyze the worst-case fairness of the Last-Click Mechanism (MLCM ) under different
settings. Recall that for a mechanism M and distribution profile F , the fairness is defined as

Fair(M;F ) = min
{i|P (i=argmaxj tj)>0}

{
E[xi]

P (i = argmaxj tj)

}
.

Homogeneous case: n = 2. Let F be any distribution on (−∞, 0] such that the worst-case
equilibrium under LCM is symmetric with delay τ0. From Appendix B.2, the probability of an
invalid report is p = 1− F (−τ0) =

√
2− 1. The probability that both reports are invalid is p2, and

attribution occurs with probability 1− p2.

By symmetry, each platform receives attribution with probability 1
2 (1 − p2), and has last-click

probability 1
2 . Thus, the fairness is

Fair(MLCM ;F×2) =
1
2 (1− p2)

1/2
= 1− (

√
2− 1)2 ≈ 0.828.

Homogeneous case: general n ≥ 3. Let (τ0, . . . , τ0) be the worst-case symmetric equilibrium for
n identical platforms. Let p = 1− F (−τ0) be the probability of an invalid report. From Theorem 3,
we have:  3

√
2 +

√
6

4
+

3

√
2−

√
6

4

2

≤ p <

(
1

n

)1/(n−1)

.
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Hence, attribution occurs with probability 1 − pn, and each platform receives expected credit
1
n (1− pn), while the last-click probability remains 1

n . Therefore,

Fair(MLCM ;F×n) =
1
n (1− pn)

1/n
= 1− pn.

Using the bounds on p, we get:

1−
(
1

n

)n/(n−1)

< Fair(MLCM ;F×n) ≤ 1−


 3

√
2 +

√
6

4
+

3

√
2−

√
6

4

2


n

.

Heterogeneous case: n ≥ 2. In Appendix C.7, we construct a heterogeneous instance where one
platform (platform 1) has a concentrated distribution supported strictly before the supports of all others.
In equilibrium, platform 1 always reports near 0 and consistently secures the attribution. Meanwhile,
all other platforms k ∈ {2, . . . , n} have equal positive probability P (k = argmaxj tj) =

1
n−1 , but

receive zero expected credit under LCM.

Thus, for each such platform k, fairness approaches 0, and the overall worst-case fairness is:

inf
F

Fair(MLCM ;F ) = 0.

D Numerical Experiments Details

This section empirically validates our theoretical findings by comparing the Peer-Validated Mech-
anism (PVM) with the Last-Click Mechanism (LCM) using simulations grounded in real-world
click-timing data.

Empirical Click-Timing Distributions We obtained realistic click time distributions using click
records from four industrial advertising platforms (anonymized in this study as A, B, C, and D). The
underlying dataset, processed to ensure user privacy, featuring timestamps in seconds within the
[−100, 0] interval (relative to conversion).11 For each platform, an empirical click-time probability
density was derived as follows:

1. Kernel Density Estimation (KDE): Each platform’s click-time density was initially esti-
mated from its raw data (filtered to the [−100, 0]-second interval) via Gaussian KDE. The
bandwidth for the KDE was set according to Scott‘s rule, a common and robust method for
automatic bandwidth determination in KDE. This non-parametric method captures unique
distributional characteristics without imposing restrictive assumptions on the density’s
functional form.

2. PDF Support Finalization and Normalization: To incorporate smoothed tails generated
by the KDE process (based on the [−100, 0]s input data) while ensuring click times ti ≤ 0,
the operational support for these densities was defined as the interval [−120, 0] seconds.
Any probability mass estimated by KDE outside this [−120, 0] range was discarded. The
resulting functions, now defined on [−120, 0], were subsequently re-normalized over this
specific interval to ensure they integrate to one, forming valid probability densities.

This procedure produces a probability density function (PDF) for each of the platforms A, B, C, and
D. We denote the corresponding cumulative distribution functions (CDFs) by FA, FB , FC , and FD,
respectively. The resulting PDFs are illustrated in Figure 2.

11The [−100, 0]-second interval for input data was selected because click data for t < −100s was observed
to be very sparse and exhibited a highly discrete distribution; its inclusion could impair the initial accuracy of
fitting continuous density functions.
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Figure 2: Normalized PDFs for 4 platforms

Experimental Setup We compare the LCM and PVM mechanisms. Under LCM, platforms
strategically report delays τ∗i , representing pure strategy Nash equilibria derived from the empirical
click time distributions (FA, FB , FC , FD) established previously. Under PVM, platforms report
truthfully (τi = 0), consistent with its dominant-strategy incentive compatible (DSIC) properties.
Each configuration was evaluated using 5× 104 simulated user paths, repeated over 10 independent
runs.

Two primary settings were considered, based on these empirical distributions:

1. Homogeneous Setting: For each of the four distinct empirical distributions
(FA, FB , FC , FD), we simulated scenarios with n ∈ {2, 3, 4, 5} identical platforms, all
drawing click times from the chosen baseline distribution. This setting evaluates mechanism
performance against an increasing number of statistically similar competitors.

2. Heterogeneous Setting: We simulated n = 2 platforms using all six pairwise combinations
of the distinct empirical distributions (FA, FB , FC , FD). This tests mechanism robustness
to diverse click timing behaviors.

Performance was assessed by attribution accuracy (ACC(M;F )) and fairness (FAIR(M;F )).

The experiments were conducted using Python 3.8.19, running on a CPU. For mathematical computa-
tions, we utilized the SciPy 1.10.1 and NumPy 1.23.5 libraries. The total computation time for the
experiments was approximately twenty minutes.

Results and Analysis The detailed performance metrics for individual configurations in the homo-
geneous and heterogeneous settings are presented in Table 5 and Table 6, respectively.

To further assess PVM’s advantage, Table 7 reports results in the homogeneous setting across
different values of n. For each case, we show the average accuracy of LCM and PVM, PVM’s
absolute accuracy improvement over LCM (with standard deviation across platform distributions),
and the corresponding improvement in fairness.

Additionally, Table 8 provides an aggregate analysis of PVM’s improvements over LCM in both
accuracy and fairness for the heterogeneous setting.

These simulation findings (Tables 5-8) consistently highlight the advantages of the PVM mechanism.
Regarding attribution accuracy, PVM significantly outperformed LCM across all scenarios. In
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Table 5: Summary of homogeneous results across four real-world platform distributions. Each entry
reports the average LCM and PVM accuracy, PVM’s absolute accuracy gain (mean ± standard
deviation across platform types), and improvement in fairness .

Plat. n τ∗ α LCM Acc. (µ± σ) LCM Fair. (µ± σ) PVM Acc. (µ± σ) PVM Fair. (µ± σ)

A 2 20.78 -33.91 0.7377± 0.0018 0.9769± 0.0021 0.7493± 0.0019 0.9967± 0.0041
3 25.16 -31.40 0.4405± 0.0014 0.9767± 0.0031 0.6149± 0.0019 0.9947± 0.0060
4 25.44 -29.70 0.3215± 0.0030 0.9834± 0.0031 0.5285± 0.0017 0.9939± 0.0072
5 27.45 -28.42 0.1640± 0.0017 0.9817± 0.0050 0.4651± 0.0022 0.9897± 0.0081

B 2 18.15 -31.83 0.7281± 0.0021 0.9753± 0.0028 0.7496± 0.0018 0.9985± 0.0029
3 21.28 -29.03 0.4827± 0.0019 0.9829± 0.0034 0.6150± 0.0019 0.9964± 0.0050
4 23.43 -27.13 0.2848± 0.0023 0.9811± 0.0057 0.5268± 0.0023 0.9894± 0.0044
5 24.53 -25.72 0.1684± 0.0012 0.9807± 0.0079 0.4652± 0.0017 0.9964± 0.0079

C 2 17.52 -31.03 0.6513± 0.0020 0.9573± 0.0028 0.7502± 0.0016 0.9953± 0.0034
3 21.15 -28.11 0.4039± 0.0018 0.9761± 0.0021 0.6160± 0.0014 0.9968± 0.0047
4 24.34 -26.02 0.2013± 0.0012 0.9761± 0.0031 0.5284± 0.0027 0.9962± 0.0060
5 26.19 -24.39 0.0956± 0.0011 0.9724± 0.0060 0.4643± 0.0024 0.9884± 0.0090

D 2 17.81 -32.08 0.7195± 0.0016 0.9757± 0.0014 0.7492± 0.0015 0.9959± 0.0031
3 20.40 -29.06 0.5016± 0.0023 0.9833± 0.0045 0.6158± 0.0027 0.9973± 0.0040
4 22.06 -27.01 0.3262± 0.0015 0.9856± 0.0059 0.5277± 0.0032 0.9941± 0.0078
5 22.85 -25.50 0.2159± 0.0019 0.9833± 0.0059 0.4655± 0.0015 0.9941± 0.0080

Table 6: Heterogeneous setting: average results over all six pairwise combinations of fitted platform
distributions. Shown are LCM and PVM accuracies, PVM’s absolute accuracy improvement, and
fairness improvement, reported as mean ± standard deviation across pairs.

P 1 P 2 τ∗
1 τ∗

2 α1 α2 LCM Acc. (µ± σ) LCM Fair. (µ± σ) PVM Acc. (µ± σ) PVM Fair. (µ± σ)

A B 21.03 17.87 -33.65 -32.29 0.6887± 0.0013 0.8692± 0.0032 0.7519± 0.0012 0.9983± 0.0024
A C 21.03 18.47 -33.71 -31.57 0.6506± 0.0014 0.7691± 0.0025 0.7528± 0.0011 0.9961± 0.0027
A D 20.73 17.87 -33.80 -32.47 0.6911± 0.0013 0.8494± 0.0027 0.7510± 0.0016 0.9982± 0.0023
B C 17.27 18.77 -31.96 -30.92 0.6752± 0.0022 0.8600± 0.0033 0.7499± 0.0011 0.9968± 0.0032
B D 17.87 18.17 -31.91 -31.98 0.7336± 0.0013 0.9548± 0.0015 0.7500± 0.0015 0.9978± 0.0027
C D 18.47 16.52 -30.95 -32.10 0.6741± 0.0015 0.8885± 0.0029 0.7506± 0.0019 0.9995± 0.0040

Table 7: Average platform performance in the homogeneous setting. Columns report average accuracy
for LCM and PVM, PVM’s absolute accuracy improvement over LCM (mean and standard deviation
across platforms), and improvement in fairness.
n Avg LCM Acc. Avg PVM Acc. Abs. Increase Std(Abs. Inc) Fair. Improve Std(Fair. Imp)

2 0.7091 0.7496 0.0404 0.0396 0.0248 0.0089
3 0.4572 0.6154 0.1583 0.0439 0.0157 0.0034
4 0.2834 0.5278 0.2444 0.0580 0.0107 0.0047
5 0.1610 0.4650 0.3041 0.0490 0.0111 0.0040

Table 8: Heterogeneous setting: average results over all six pairwise combinations of fitted platform
distributions. Shown are LCM and PVM accuracies, PVM’s absolute accuracy improvement, and
fairness improvement, reported as mean ± standard deviation across pairs.

Metric Value (µ± σ)

Avg LCM Acc. 0.6855± 0.0276
Avg PVM Acc. 0.7510± 0.0011
Abs. Increase 0.0655± 0.0283
Fair. Improve 0.1320± 0.0598

homogeneous settings (Table 7), PVM’s average absolute accuracy improvement over LCM grew
substantially with the number of platforms n, increasing from 0.0404 for n = 2 to 0.3041 for n = 5.
In heterogeneous pairings (Table 8), PVM achieved an average absolute accuracy improvement of
0.0655 over LCM, with the maximum absolute improvement reaching 0.1022 (Platform A and C).
This demonstrates PVM’s robustness against both an increasing number of competitors and diversity
in platform click-timing distributions.
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In terms of fairness, PVM consistently achieved scores very near 1 across all settings (Tables 5, 6). In
homogeneous settings, while LCM’s fairness values were also high, PVM consistently reduced this
deviation further (e.g., to approximately 0.0248 for n = 2), thereby achieving fairness values even
closer to the ideal. The superiority of PVM in fairness was particularly evident in heterogeneous
settings. For example, in the A-C pairing (Table 6), PVM recorded a fairness of 0.9961, extremely
close to 1, whereas LCM’s fairness was 0.7691. As summarized in Table 8, PVM yielded an average
absolute improvement in this fairness measure of 0.1321, with the maximum absolute improvement
being 0.2270. This clearly shows PVM’s greater resilience in maintaining equitable attribution under
diverse conditions.
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