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Abstract

Accurate attribution for multiple platforms is critical for evaluating performance-
based advertising. However, existing attribution methods rely heavily on the
heuristic methods, e.g., Last-Click Mechanism (LCM) which always allocates the
attribution to the platform with the latest report, lacking theoretical guarantees for
attribution accuracy. In this work, we propose a novel theoretical model for the
advertising attribution problem, in which we aim to design the optimal dominant
strategy incentive compatible (DSIC) mechanisms and evaluate their performance.
We first show that LCM is not DSIC and performs poorly in terms of accuracy and
fairness. To address this limitation, we introduce the Peer-Validated Mechanism
(PVM), a DSIC mechanism in which a platform’s attribution depends solely on
the reports of other platforms. We then examine the accuracy of PVM across both
homogeneous and heterogeneous settings, and provide provable accuracy bounds
for each case. Notably, we show that PVM is the optimal DSIC mechanism in the
homogeneous setting. Finally, numerical experiments are conducted to show that
PVM consistently outperforms LCM in terms of attribution accuracy and fairness.

1 Introduction

Online advertising has become the dominant force in the global advertising landscape, with expen-
ditures projected to exceed $790 billion in 2024—accounting for over 72% of total ad spend—and
continuing to grow at a consistent rate of more than 10% annually. This substantial and growing
capital investment calls for the development and application of robust methodologies to optimize
budget allocation across diverse digital platforms.
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Advertising attribution, the process of assigning credit for user conversions (such as app downloads
or product purchases) to the platforms that contributed to them, plays a central role in guiding these
allocation decisions and has consequently garnered significant attention. In practice, attribution
reflects a variety of design principles and business objectives. Methods range from simple heuristics
such as first-click and time-decay attribution to data-driven approaches based on machine learning
and causal inference. Among these, last-click attribution has become the industry default due to its
simplicity and its practical relevance for measuring revenue-driven, bottom-of-funnel conversions.

Under last-click attribution, the platform that most recently interacted with the user receives full
conversion credit. Because these credits directly determine performance metrics and future budget
allocation, platforms have a strong incentive to manipulate the timing of their reports to appear last in
the user’s interaction sequence. Such strategic behavior can distort attribution outcomes, overstating
the influence of certain platforms even on its own terms.

This manipulation has become increasingly feasible in modern advertising ecosystems, especially
when the advertiser does not control the landing page—such as app installations through app stores
or purchases on major e-commerce platforms—where click events cannot be directly measured. In
the past, advertisers relied on redirect-based tracking flows, where an intermediary measurement
partner (MMP) logged the click before redirecting the user to the final landing page, thus providing
an independent, verifiable timestamp. However, the industry has since shifted toward redirect-less
tracking paradigm, in which user navigation and click reporting are decoupled to improve latency and
privacy. Without an intermediary verifier, advertisers now depend entirely on platform’s self-reported
timestamps, making strategically timed reports both feasible and practically undetectableE]

Nevertheless, such strategic behavior has received limited attention in the academic literature. Most
prior work on advertising attribution instead focuses on modeling platform contributions to conver-
sions using increasingly sophisticated statistical or machine learning methods, under the assumption
that platforms passively and truthfully report user interaction data. In this paper, we initiate the study
of advertising attribution from a mechanism design perspective, treating platforms as strategic agents
that may misreport in order to maximize their assigned credit. Rather than proposing a new attribution
philosophy, we work within the prevailing logic of last-click attribution and ask: How can we design
an attribution mechanism such that platforms have no incentive to misreport, while still assigning
credit to the platform with the true last click?

Main Contribution To address the above question, we first model the advertising attribution
scenario as a game-theoretic model in which multiple platforms strategically submit user interaction
logs to compete for conversion credit. The advertiser then allocates credit according to a predefined
attribution rule. In this model, our analysis focuses on characterizing dominant strategy incentive
compatible (DSIC) mechanisms, and evaluating the performance of different attribution mechanisms,
using two key metrics: accuracy and fairness. Accuracy measures the alignment between the assigned
and true contributors, while fairness assesses whether each platform receives its deserved share of
credit in expectation. Detailed results are presented in Table[I] with proofs in the full version.

Table 1: Mechanism performance under different settings
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We begin by analyzing the commonly used Last-Click Mechanism (LCM) and theoretically demon-
strate that it is not DSIC. For LCM’s performance, our findings reveal that, in the worst-case scenario,

>This shift has been driven by privacy regulations such as the European Union’s General Data Protection
Regulation and Apple’s App Tracking Transparency framework [8] 2| [16], and the adoption of redirect-less
systems including Google’s and Microsoft’s parallel tracking and Apple’s SKAdNetwork [10L[19, 3]



LCM can perform remarkably poorly. Even with just two heterogeneous platforms, both accuracy
and fairness can approach arbitrarily low values.

To ensure DSIC, we propose a novel attribution mechanism called the Peer-Validated Mechanism
(PVM). The mechanism operates as follows: only platforms reporting before the conversion are
eligible for attribution, and the credit a platform receives depends solely on peer reports and prior
probabilities—independent of its own report. Since a platform’s report does not influence its own
outcome, PVM is DSIC by design. We then theoretically demonstrate that PVM consistently
outperforms the LCM in terms of both attribution accuracy and fairness. We further prove that it is
the optimal DSIC mechanism in the homogeneous setting (Theorem [5). Mutiple simulations using
distributions fitted from real-world ad-conversion data further validate the superiority of PVM.

To the best of our knowledge, this is the first work to formally model the advertising attribution
problem within a theoretical framework, and to rigorously analyze the incentive and efficiency
properties of the widely adopted Last-Click Mechanism. By shifting attention from empirical
heuristics and estimation to mechanism design, our work offers foundational insights for developing
attribution systems that are robust, fair, and incentive-compatible in digital advertising markets.

All missing proofs can be found in full version.

Related Work Recent research on advertising attribution has primarily focused on multi-touch
attribution, which distributes conversion credit across multiple platforms based on observed user
interactions data. A wide range of modeling approaches have been explored, including probabilistic
models such as survival analysis [13} 14} 23, 28} 29], Shapley value-based methods for fair allocation
[ 14} 241, and Markov models for channel transition influence [1,[15]]. Furthermore, causal inference
[6, 27] and deep learning [21} [18} 16} [17, 26, 27]] have been applied to better capture temporal and
interaction complexity. Despite their sophistication, these approaches generally assume that the user
interactions data reported by platforms are accurate and complete.

However, this assumption often fails in practice, as platforms may strategically misreport to gain
greater attribution. In contrast, mechanism design offers a principled framework for addressing
strategic behavior, with incentive compatibility (IC) as a central design goal [[12} 20} 25} IS} [11]].
While IC-based techniques have been widely applied in domains such as auctions [[7]], voting [9], and
resource allocation [22], their application to attribution remains underexplored. Attribution presents
new challenges: the strategic behavior of platforms is often ill-defined, and their utility depends on
uncertain conversion outcomes, making standard mechanism design tools difficult to apply directly.

2 Model and Preliminaries

This section develops a formal model to study advertising attribution under strategic platform behavior.
We first describe a typical real-world scenario, then formalize the model components, define the
attribution mechanism, analyze strategic behavior, and finally define the advertiser’s objective.

Throughout, we adopt the last-click attribution standard, treating the final platform in a user’s
interaction sequence as the one that deserves credit. We focus on settings with at least two platforms,
the minimal case where attribution ambiguity and manipulation arise. In practice, the number of
platforms involved in a conversion is typically small—often no more than five.

2.1 Real-World Advertising Scenario

Consider the real-world online advertising scenario where a user interacts with ads from multiple
platforms (n > 2) before a conversion event. When the user converts, the advertiser seeks to allocate
credit based on the click logs reported by the platforms.

The process unfolds as follows. Each platform i € [n] first detects a user click and records a log at the
corresponding absolute click time 3. It then selects an absolute reported time r®® > 12, at which
it submits the log to the advertiser. At some time {9 > max;c[y) {t3}, the user converts, and the
advertiser performs credit attribution based on reports received by to—that is the set {2 | 72 < 4},
Crucially, while the advertiser observes the conversion time ¢y, platforms must decide when to report
without knowing when the conversion will occur.



This scenario highlights the fundamental challenge in attribution: the advertiser must infer the true
sequence of events based on potentially delayed reports from strategically acting platforms. The
discrepancy between true click times and reported times necessitates careful mechanism design.

2.2 Advertising Attribution Model

We now present a game-theoretic model of the attribution process, capturing strategic platform
behavior and informing mechanism design. To simplify analysis, we adopt a conversion-aligned
timeline, setting the conversion time ¢y = 0 without loss of generality. Under this transformation, all
click times are expressed relative to the conversion and lie in (—oo, 0]. Specifically, we define

ti =t 15 <0, Vicn],
where ¢; denotes the relative click time of platform . Figure [I]illustrates this transformation: if
two platforms record clicks at 10:40 a.m. and 10:50 a.m., and the conversion occurs at 11:00 a.m.,

their relative click times become ¢; = —20 and t, = —10, with the conversion at time 0. Under the
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Figure 1: Conversion-aligned time transformation

conversion-aligned timeline, the relative click time ¢ = (%;);c[,)—Wwhich depends on the unknown
conversion time—is therefore unobservable to platforms. To capture this uncertainty, we model ¢;
as a random variable drawn independently from a commonly known distribution, with cumulative
distribution function (CDF) F;(t) and probability density function (PDF) f;(¢), supported on (—o0, 0].
This distribution may be interpreted as a prior belief based on platform-level statistics. Let F' =
{F;}ie[n) denote the joint distribution from which the click time vector ¢ is drawn.

To model strategic reporting, we assume each platform i € [n] selects a non-negative reporting delay
7; > 0, resulting in a reported time r; = t; + 7; on the conversion-aligned timelineE]U . Since t; is
unobservable when the platform commits to its strategy, the chosen delay 7; is applied uniformly
across all realizations of ¢;. We denote the delay profile as 7 = (7;);¢[n]» and the resulting reported
time profile by 7 = (7;);c[n) = t + 7. Unless stated otherwise, all subsequent analysis is conducted
on the conversion-aligned timeline.

2.3 Attribution Mechanism

We define an attribution mechanism M by its assignment rule M(r) := {z;(r) };c}n), Where ()

denotes the credit assigned to platform ¢ given the reported time profile TEI A mechanism is said to
be feasible if it satisfies the following constraints:

0<uzi(r)<1, Vi€]n]r (1)

xi(ri,r_i) = O, Vi e [n],ri > O,T‘_i (2)

Eewr | Y zi(t+7)| <1, VF,7 )
i=1

Constraints (I) and (2) bound individual credit and exclude post-conversion reports. Constraint (3)
limits the expected credit, ensuring that the advertiser’s overall budget is respectedE]

3We focus on strategic delay in reporting rather than repeated or fraudulent submissions. Each platform
reports its click once, possibly after a strategic delay, to maximize its attribution credit. This setting differs from
click spamming and click injection, which involve multiple or fabricated reports.

“In practice, reports submitted after the conversion time (i.e., r; > 0) are typically not received or used
by the advertiser. However, for modeling generality, we allow such values as inputs to the mechanism. Their
exclusion from attribution is later enforced through explicit feasibility constraints (see Constraint (EI)).

>Constraint (3) normalizes total credit in expectation rather than per conversion. This design reflects
advertisers’ long-term budget control: it maintains the average expenditure over many conversions while
allowing more flexibility for designing incentive-compatible mechanisms than strict per-instance normalization.



Given an attribution mechanism M, we define platform ¢ € [n]’s instantaneous utility under report
profile 7 as the credit assigned to it by the mechanism: u;(r) = z;(r). Given the distribution profile
F and others’ strategy 7_;, platform ¢ selects its delay 7; to maximize its expected utility:

Ui(ti, =) = Etor [ui(t + 7)] = Epor [zi(t + 7)) E]

From the advertiser’s perspective, an ideal attribution mechanism M should achieve two primary
goals: (i) incentivize truthful reporting to ensure reliable interaction data; and (ii) accurately assign
credit to the platform responsible for the conversion.

We first use dominant strategy incentive compatibility (DSIC) to capture truthful reporting:

Definition 1 (DSIC). A mechanism M is DSIC if for every platform i, truthful reporting (1; = 0)
maximizes its utility u;(r) regardless of the realized true click times t = (t;,t_;) or the strategies
T _; chosen by other platformsm That is, for all platforms i € [n], all true times t; < 0 and t_;, all
others’ strategies T _;, and any deviation delay 7| > 0:

ui(ti,t,i + ’7',1') 2 Ui(ti + Ti/,t,i + T,i).

It is easy to verify that DSIC is equivalent to a non-increasing allocation rule with respect to a
platform’s own report.

Theorem 1. An attribution mechanism M satisfies DSIC if and only if, for every platform i and any
fixed reports from other platforms r _;, the credit x;(r;, 7 _;) is non-increasing in its own report ;.

Second, we formalize attribution accuracy as the mechanism’s ability to assign credit to the true
last-click platform. Specifically, we defined the accuracy of a mechanism M, given F' as

ACC(M; F) =Eior sz(t + 7NE) - 1[i = arg max{¢,}]| ,
i=1 /

where 7NE is the Nash equilibrium induced by F and M. Note that 7N = 0 for a DSIC mechanism.
Thus, given a known distribution F', the advertiser’s optimization problem is formulated as:

max ACC(M; F)
s.t. Feasible and DSIC.

“

Beyond defining accuracy with respect to a fixed F', we define the accuracy of mechanism M as
ACC(M) = i%fACC(M; F),

capturing worst-case performance across F, serving as a evaluation for a mechanism’s performance.

3 The Last-Click Mechanism

In this section, we conduct a rigorous analysis of the Last-Click Mechanism (LCM). We begin
by formally defining LCM and then demonstrate that it fails to satisfy DSIC. We further evaluate
its accuracy at equilibrium and derive accuracy bounds in both homogeneous and heterogeneous
platform settings. Formally, the Last-Click Mechanism is defined as My cum:

Definition 2 (Last-Click Mechanism). Given the report profile 1 = (r;)ic[n), the Last-Click Mecha-
nism is defined as Mrcy = {xi(7) }ie[n). Specifically,

55(r) = 1 ifie Sandr; =maxjes{r;},
! |0 otherwise,

where S = {j € [n] | r; < 0} is the set of platforms with effective reports. Ties are broken uniformly
at random among the tied platforms.

SNote that, in the absolute-time model, the platform must take expectation over the unknown conversion
time and other click times. In the conversion-aligned model, the conversion time is fixed at 0, and the same
uncertainty is reflected in the distribution of ¢.

"DSIC benefits cold-start scenarios by ensuring truthful reporting without requiring prior knowledge, enabling
reliable attribution from the outset and facilitating the learning of the true distribution.



Due to its simplicity and its intuitive principle of crediting the platform associated with the user’s
final click before conversion, LCM is widely adopted in practice. However, it is easy to see that
platforms may benefit from strategically delaying their reports, making truthful reporting suboptimal.
Therefore, LCM does not satisfy DSIC.

Proposition 1. The Last-Click Mechanism is not a DSIC mechanism.

3.1 Accuracy Analysis

Since LCM is not DSIC, it may assign credit to a platform that wasn’t truly last, leading to inaccurate
attribution. We therefore analyze its equilibrium accuracy in both homogeneous and heterogeneous
platform settings, and derive accuracy bounds for both two-platform and n-platform cases

We first consider the case with two homogeneous platforms and present our result in Theorem 2}

Theorem 2. When there are two homogeneous platforms with identical distribution F(t), supported
on (—00,0), the accuracy of Mycy is exactly (2 — +/2)2, and this bound is tight.

To prove Theorem we first analyze the incentive constraint at a symmetric strategy profile (7q, 7).
By requiring that no platform benefits by unilaterally deviating from 7y to truthful reporting, we
derive the necessary condition F'(—7) > 2 — /2. Since LCM can only attribute correctly when
both true click times are before —y, this yield a lower bound on accuracy of (2 — \/5)2 ‘We then
construct a family of distributions f;(t) = cp(e™t — 1), supported on [—M, 0], where ¢y is a
normalization constant. We show that this game admits a unique symmetric Nash equilibrium, and as

M — oo, the accuracy converges to exactly (2 — v/2)2.

We now extend our analysis to the general case with n homogeneous platforms.

Theorem 3. When there are n homogeneous platforms with identical distribution F(t), supported
on (—o00, 0], the accuracy of My is bounded as follows:

n 2 n
(1 _ (i) ) < ACCMua) < | 1- \3/2 +4\/6 + §/2 _4¢6 .

The lower bound is derived using an argument similar to the two-platform case, by examining the
conditions required for a symmetric equilibrium. For the upper bound, we analyze the symmetric
equilibrium under a specific distribution with a linear probability density function f(t) = —2¢
supported on [—1, 0].

Finally, we consider the heterogeneous case, where each platform may follow a different distribution
F;(t). Surprisingly, we show that the accuracy of the LCM can be arbitrarily low, even in a simple
setting with just two heterogeneous platforms.

Theorem 4. When there are n heterogeneous platforms with distributions F;(t), all supported on
(=00, 0]. the accuracy of Mycy can be arbitrarily small and approach to 0.

The proof relies on a key insight: a platform with a highly concentrated distribution (e.g., supported
on (C' — ¢,C + €)) can easily manipulate its report to secure attribution credit. We construct an
instance where one platform has such a concentrated distribution, while the others have click time
supports strictly greater than it. In this scenario, we show that in equilibrium, the concentrated
platform receives attribution with probability approaching 1, causing overall accuracy to approach 0.

4 The Peer-Validated Mechanism

In this section, we introduce the Peer-Validated Mechanism (PVM), a novel mechanism addressing
the non-DSIC issue of LCM. Intuitively, if the credit assigned to a platform is independent of its own
report, the mechanism is DSIC. Based on this idea, we propose the PVM as follows:

8Since our focus is on DSIC mechanisms, we restrict our evaluation of LCM to instances where equilibrium
is guaranteed, without analyzing its existence in general. Even within this limited scope, the results clearly
demonstrate LCM’s poor performance in our setting.



Definition 3 (Peer-Validated Mechanism). Consider n platforms with the CDF {F}};c,, and PDF
{fi}tien supported on (—o0,0]. Let 7 = (7;);c[n) be the reported time profile from n platforms. The
Peer-Validated Mechanism assigns credit based on mutual validation among platforms, and is defined
as Mpyy = {xi(7) }igpn), with

p(r) = A Trs < O] Tmaxjes oy {ri} < o] IS\ (i} > 1,
’ I[r; <0]-B; otherwise,

where S = {j € [n] |r; < 0} denotes platforms with eligible reports. 3; = P(i = arg max;{t;}) =
f?oo fi(t) I1;.4: F5(t) dt is the probability that platform i is the true last-click platform based on the
prior. The validation threshold ag) is defined as the solution to HjeS\{i} F; (oz(sz)) = ﬂlﬂ

Roughly speaking, PVM assigns credit to platform i’s credit based on eligible reports from other
platforms. When such peer reports exist, the mechanism compares them to a threshold ag), which
is chosen so that the probability of all peers’ true click times being no later than ag) matches the
prior (3; that platform 7 is the true last. This validation process leverages instance-level information
to make attribution decisions while preserving incentive compatibility. If no eligible peer reports
are available, PVM falls back to allocating (3; based on the prior. The reason only eligible reports
are used for validation is that the mechanism assumes no overt misreporting among them, while
ineligible reports (r; > 0) are definitely misreports and thus excluded due to unmodeled behavior.

Finally, the indicator I[r; < 0] ensures that attribution only goes to pre-conversion reports.

Since any reporting delay either disqualifies the platform itself or prevents others from being at-
tributed, it is straightforward to verify that PVM satisfies feasibility and DSIC [115], as formalized in
Proposition 2]

Proposition 2. The Peer-Validated Mechanism is a DSIC mechanism.

As PVM is DSIC, we focus on truthful reports (r = ¢). In this case, S = [n], and we let «; denote
the threshold used in z;(-), defined by [ [, ; F;j(«;) = B;. The allocation rule then simplifies to

wi(t) = Imax{t;} < os] Vi € [n].
JFT
We adopt this reduced form throughout the remainder of our analysis of PVM.

4.1 Optimality of PVM for Homogeneous Platforms

We surprisingly find that PVM is the optimal DSIC mechanism in the homogeneous platform setting.

Theorem 5. When the platforms are homogeneous, the Peer-Validated Mechanism (PVM) is the
optimal DSIC mechanism with respect to the accuracy.

To show this optimality, we aim to identify the DSIC attribution rule {z;(t)};c[, that maximizes
accuracy. This is a challenging task, as it involves optimizing over a set of functions simultaneously.
However, if for any fixed expected attribution e; = E¢[z;(¢)], we can characterize the most accurate
DSIC rule that achieves it, then the problem reduces to optimizing over the expected attribution vector
€ = (e;);ie[n]- The following lemma shows that such a characterization indeed exists.

Lemma 1. For platform i and a fixed expected attribution e;, there exists an optimal DSIC attribution
rule for platform i w.r.t. accuracy, satisfying e; = Ey[z;(t)], that can be written as

1 ifmax-#{tl} S 92
P(tit_i) =4 St ’
zi( ) {0, otherwise,

where G;(t) = 11,4, F;(t) is the CDF of the random variable max;;{t;}, and G;(0;) = e;.

The existence and uniqueness of ag) and f3; under standard regularity conditions, along with handling edge
cases (e.g., flat or discontinuous CDFs), are detailed in full version.

10A simple variant of PVM also preserves DSIC under the click spamming problem, where a platform may
repeatedly report the same click at later timestamps. Specifically, the modified mechanism takes the first valid
report (if any) from each platform as input while keeping the rest of the allocation rule unchanged. Under this
setting, the platform’s own reporting time remains decoupled from its expected number of attributions.



Herein, we give a proof sketch of Lemmal([l] First, as any DSIC rule must be non-increasing in ¢;
(Theorem , we claim that, to maximize accuracy, the optimal DSIC rule z;(¢;,t_;) should be a
constant when given t_;, so that larger values of ¢;, which more better indicate that platform 7 is last,
are not penalized. Second, given a fixed expected attribution e;, the self-independent rule x;(¢t_;)
should prioritize instances with smaller max;;{t;}, where platform ¢ is more likely to be last. This
greedy strategy yields the threshold-form optimal DSIC rule in the lemma. When G is somewhere
flat, multiple thresholds may achieve e;, and combining them may yield non-threshold variants. Still,
at least one such optimal rule exists.

Based on Lemma the task reduces to finding the optimal (e} );e[n]. Since G;(6;) = e;, the original
optimization problem (4) can therefore be reformulated in terms of 8 = (0;);c|y, as follows:

n 0;
max ; [m gi(u)(1 — Fi(u)) du

s.t. zn: GZ(GZ) =1
1=1

In particular, for homogeneous platforms, the thresholds defined within the PVM precisely align
with the solution to the optimization problem outlined above, establishing its optimality as stated in
Theorem 3l

4.2 Accuracy Analysis

We now analyze the accuracy of PVM. For the homogeneous setting, we give a tight bound on the
accuracy. Since PVM is the optimal DSIC mechanism, this accuracy is the maximum value a DSIC
mechanism can achieve.

Theorem 6. When there are n homogeneous platforms with identical distribution F (t), supported
on (—00, 0], the accuracy of Mpyy is exactly equal to

ACC(Mpyy) =1 — <1 - ;) (;) o .

In the homogeneous case, symmetry implies that all thresholds «; are equal, denoted by «, and satisfy
F(a)™! = 1/n. Therefore, PVM makes a correct attribution if either all reports are no greater than

o, which occurs with probability (1/7)"/(~1), or exactly one report exceeds v, which occurs with
probability 1 — (1/n)'/ (=1 These probabilities depend only on 7, not on the specific distribution.
Summing them gives the accuracy in Theorem [6]

In practice, the number of platforms n typically does not exceed 5. We therefore conduct a comparison
with the Last-Click mechanism (presented in Table[2)) to show that PVM is strictly superior.

Table 2: The accuracy comparison between PVM and LCM (Upper bound).

n  Mpwm Upper bound of M cm Ratio (Mpym / Mrcm UB)
2 0.75 (2 - \/5)2 ~ (0.3431 (tight bound) 2.1857
3 0.6151 0.3336 1.8437
4 0.5275 0.2314 2.2799
5  0.4650 0.1605 2.8977

In the rest, we consider the general heterogeneous-platform setting. We show a tight bound on
accuracy for two-platform case (Theorem[7) and a lower bound for n-platform case (Theorem |g)).

Theorem 7. When there are two heterogeneous platforms, the accuracy of Mpyyy is exactly equal to
ACC(Mpyy) = 19/27 =~ 0.7037.

To establish the result, we first formulate an optimization problem that characterizes the worst-case
accuracy by maximizing the misattribution probability. In the two-platform setting, all attribution
outcomes can be explicitly enumerated, making this optimization analytically tractable. To show
tightness, we then construct a concrete instance that satisfies the optimality conditions, thereby
achieving the accuracy value of 19/27.



Theorem 8. When there are n heterogeneous platforms, the lower bound on the accuracy of Mpyy
is ACC(Mpyy) = (19/27)Megz 71,

For n heterogeneous platforms, we design a binary-tree-based mechanism to derive a lower bound
for PVM. Starting from the root node, which represents all n platforms, we recursively partition them
into two disjoint subsets L and R of sizes [n/2] and |n/2], respectively. Each subset is treated as
a virtual platform, represented by the distribution of max;cr,{t;} or max;cg{¢;}. Ateach internal
node, the attribution reduces to a problem between two heterogeneous platforms. Repeating this over
[log, 1] levels yields an overall accuracy lower bound of (19/27)'°821, Since PVM is guaranteed
to perform at least as well as this mechanism, the same expression serves as a lower bound for its
accuracy.

4.3 Fairness of PVM

Besides the DSIC and accuracy, PVM also satisfies a strong fairness property: the expected attri-
bution E|[z;] for each platform i exactly matches its true probability of contributing the last click,
P(i = argmax;{t;}). This alignment offers a principled basis for evaluating long-term platform
effectiveness and simultaneously promotes trust in the mechanism’s equity. To quantify this alignment
and enable comparisons across mechanisms, we define the following metric:

Definition 4. The fairness score of mechanism M under the joint distribution F' is defined as
min - .
{t|P(i=arg max; {t; })>0} P(Z = arg man{tJ})
Definition 5. A mechanism M is Fair if, for any joint distribution F, it holds that
FAIR(M; F)=1.

FAIR(M;F) =

The fairness score F'AI R(M; F') quantifies how closely a mechanism’s expected attribution matches
the true last-click probabilities, with a score of 1 indicates perfect alignment. A Fair mechanism
ensures that attribution faithfully reflects contribution probabilities across all distributions. PVM is a
fair mechanism directly from the choice of (c;);c,) under DSIC:

Et[zi(t)] = Eq [mgf{tj} < oi] = [[ Fi(i) = P(i = argmax{t;}).
’ i#i !
Proposition 3. The Peer-Validated Mechanism is Fair.
In contrast, the Last-Click Mechanism fails to meet this property.
Proposition 4. The Last-Click Mechanism is not Fair.
LCM fails the Fair property due to its fairness score being highly sensitive to distributional differences

and strategic delays, especially under heterogeneity. As shown in Table [3] the fairness score can
degrade to zero in such settings.

Table 3: Worst-Case Fairness Score of LCM under Equilibrium.

Scenario Worst-Case Fairness (inf p FAIR(M o F))
Homogeneous, n = 2 1—(vV2-1)2~0.828

Homogeneous, n >3 (1 — (1/n)™/ (=11 — (/258 1 3/2=1/6)2n
0

Heterogeneous, n > 2

5 Numerical Experiments

We empirically evaluate PVM against LCM using simulations based on click time distributions fitted
from real-world ad conversion logs from four advertising platforms. Experiments cover two settings:
homogeneous and heterogeneous. In the homogeneous case, we simulate n € {2, 3,4, 5} identical
platforms, all following the click time same distribution, repeated across four distributions derived



from real data. In the heterogeneous case with n = 2, we simulate all six platform pairs formed by
different combinations of the four distributions. Under LCM, platforms play in equilibrium; under
PVM, they report truthfully by DSIC. Each configuration was evaluated using 5 x 10% simulated user
paths, repeated over 10 independent runs.

PVM consistently outperforms LCM in both accuracy and fairness across all settings. Table ] reports
the improvements as mean =+ standard deviation over platforms (homogeneous) or platform pairs
(heterogeneous). Specifically, accuracy gains grew with n (up to 0.3041 when n = 5) and remains
notable under heterogeneity (0.0655). Fairness improvements are small in homogeneous cases but
substantial in heterogeneous ones (0.1320).

Table 4: Aggregate summary of PVM’s improvements over LCM, (mean = standard deviation)

Homo Setting Hetero Setting

Metric n=2 n=23 n=4 n=>5 (over 6 pairs)

Acc. 0.0404 £0.0396  0.1583 £0.0439 0.2444 £0.0580 0.3041 £0.0490 0.0655 £ 0.0283
Fair. 0.0248 +0.0089  0.0157 +0.0034  0.0107 +0.0047 0.0111 +0.0040  0.1320 4 0.0598

6 Conclusion and Discussion

This paper introduces a formal game-theoretic framework for advertising attribution under strategic
platform behavior. We show that the widely used Last-Click Mechanism fails to be dominant
strategy incentive-compatible (DSIC) and performs poorly in both accuracy and fairness. To address
these limitations, we propose the Peer-Validated Mechanism (PVM), a novel DSIC mechanism that
allocates credit based on peer reports. We prove that PVM achieves optimal accuracy in homogeneous
settings, offers provable guarantees in heterogeneous ones, and satisfies a strong fairness property.
Our theoretical analysis is further validated by numerical experiments using real-world data, where
PVM consistently outperforms LCM.

In practice, peer-validation principle offers a concrete design guideline for incentive-compatible
attribution systems. For instance, in machine learning-based models, excluding a platform’s own
report as an input feature ensures truthfulness, shifting the focus from detection to design.

Besides, PVM framework can be extended to settings with correlated click-time distributions while
preserving the core peer-validation principle and the DSIC property. The validation rule generalizes
from a scalar threshold (a;) to a multi-dimensional acceptance region D; over peer reports t_;,
constructed greedily by including outcomes with the highest posterior probability that platform 4
was the true last click until P(t_; € D;) = f3;. A platform receives credit if and only if its peers’
reports fall within D;. Under this modification, the homogeneous-case results remain unchanged,
since our proofs for those theorems do not rely on the independence assumption; the results for the
last-click mechanism also remain the same, as its accuracy and fairness are already zero; while in
heterogeneous settings, PVM retains a weaker but still meaningful 1/n lower bound on accuracy.
We focus on the independence assumption in this paper to present the mechanism’s core insight in
the clearest setting, which is sufficient to capture the essential strategic structure, leaving correlated
extensions for future work.

Several directions remain open. First, while PVM aligns the expected attribution with true last-
click probability, future work may explore mechanisms that further improve instance-level accuracy.
Second, investigating correlated click-time distributions could enhance a mechanism’s applicability
in realistic scenarios. Next, a joint optimization framework modeling both advertiser and platform
utilities, integrating attribution with budget allocation, represents a compelling direction. Finally,
investigating repeated games with externalities—where platforms may strategically harm peers or
misreport distributions to manipulate learned priors—could address dynamic interactions, potentially
incorporating bidding strategies for a more comprehensive ecosystem model.
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5. Open access to data and code

14



Question: Does the paper provide open access to the data and code, with sufficient instruc-
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material?

Answer:

Justification: The numerical experiments are based on data that include sensitive informa-
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Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
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materials, each setting of experiments was repeated 10 times, and each simulation was
50,000 times.

Guidelines:

* The answer NA means that the paper does not include experiments.

15


https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

8.

10.
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the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
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» The answer NA means that the paper does not include experiments.
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or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics
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» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We only uses LLMs to edit and format this paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Missing Proofs in Section 2]

A.1 Proof of Theorem I} DSIC Monotonicity

Proof. Let M = (z;(r))?_, be a feasible attribution mechanism, with utility u;(r) = x;(r) for each
platform ¢. By Definition[T} M is DSIC if for all ¢, any true click time ¢; < 0, any reports r_;, and
any 7, > 0, it holds that

l‘i(ti, ’I"_i) > l‘i(ti =+ Ti/a 7'_1‘).
We prove the equivalence between DSIC and monotonicity.

Step 1: DSIC = Monotonicity. Fix any r, < r,. Consider three cases:

* Casel: 1, <0.Lett; =714, 7 =15 — rq > 0. By DSIC,
xi(ra,T—i) = Ti(1p, T —5).
* Case2: 1, <0 < 7. By feasibility (Constraint (2)), z;(ry,, 7—;) = 0, and by non-negativity,

x;(rq,7—;) > 0. Hence,
xi(ra,T—i) > (1, 7).

* Case 3: 0 < r, < 1. Both are post-conversion reports, so feasibility implies
xi(ra,r—i) = xi(ry,7—;) = 0.
In all cases, x;(r;, 7_;) is non-increasing in r;.
Step 2: Monotonicity = DSIC. Assume x;(r;, 7_;) is non-increasing in 7;. Let ¢; < 0 be the true
click time, and 7/ > 0 a deviation. Let r, = t;, rp, = t; + 7/. Then r, < 13, and by monotonicity,
xi(tim—i) > @it + 7/, 75),

which satisfies the DSIC condition. O

B Missing Proofs in Section 3]

B.1 Proof of Proposition ]

Proof. To prove that the LCM is not DSIC, we demonstrate a scenario where the necessary mono-
tonicity condition from Theorem[I]is violated. Specifically, we show an instance where for a platform
¢ and fixed reports r_; from others, the credit x;(r;, 7_;) is increasing in its own report r;.

Consider a simple case with n = 2 platforms. Let the report of platform 2 be fixed at ro = —10. We
examine the allocation function z; (r1, —10):

* Case 1: Platform 1 reports r, = —20. The report vector is r = (rq,72) =
(—20,—10). The set of eligible reports is S = {1,2}. The maximum eligible report
is max{—20, —10} = —10. Since r, = —20 # max;cs{r;}, platform 1 receives zero

attribution: x1(—20,—10) = 0.

* Case 2: Platform 1 reports r, = —5. The report vector is ' = (r4,73) = (=5, —10). The
set of eligible reports is S” = {1, 2}. The maximum eligible report is max{—5, —10} = —5.
Since 7, = —5 = max;cg {r;}, platform I receives z;(—5, —10) = 1.

Comparing the two cases, we have reports r, = —20 and r, = —5 such that r, < r, < 0. However,
the attribution for platform 1 increases: 1 (rq, —10) =0 < 1 = 21 (13, —10).

This violates the condition that z;(r;, 7 _;) must be non-increasing in r; for a mechanism to be DSIC
(Theorem[T)). Therefore, the Last-Click Mechanism is not DSIC. O
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B.2 Proof of Theorem2]

Proof. Let f(t) be the common PDF of the true display times ¢; and ¢2, defined on (—o0, 0], with
CDF F(t). We analyze the Last-Click Mechanism under a symmetric Nash Equilibrium strategy
profile (79, 79). The reported times are 1 = t1 + 7o and 1o = t2 + To.

Step 1: Lower Bound on Accuracy Since (79, 79) is a symmetric Nash Equilibrium, neither
platform has an incentive to unilaterally deviate. Consider platform 2 (WLOG). Its expected utility
Us(79; 71 = 7p) must be maximized at 7o = 7.

The expected utility for platform 2 when playing 7y (given platform 1 plays 7p) is calculated based
on the probability it receives attribution. By symmetry, when both platforms submit valid reports
(r1 < 0,7y <0), each has a 1/2 chance of winning credit. The probability that at least one report is
validis 1 —P(ry > 0,79 > 0) =1 —P(t; > —79,t2 > —79) = 1 — (1 — F(—79))?. Therefore, the
expected utility for platform 2 is:

[1— (1~ F(-7))]

DN | =

Us(10; 71 = T0) =

Now, consider the utility if platform 2 deviates to truthful reporting, 7, = 0. Its reported time is
r9 = to. Platform 2 gets attribution if ro = to < 0 (which is always true for to € (—o0,0]) and
either r1 = t; + 79 > 0 (platform 1’s report is invalid) or vy = t5 > r; = t1 + 7). The utility
Uz (0; 71 = 719) is:
UQ(O;Tl = 7'0) = P(tl + To > 0) +]P(t2 Z tl + ’7'0)
> P(tl —+ 79 > 0)
= P(tl > —7'0) =1- F(—’To)
Since (79, 7o) is a Nash Equilibrium, the utility from playing 7, must be at least as high as the utility
from deviating to 0: Us(70; 71 = 70) > Uz(0; 71 = 79).
1
2
Let x = F(—1p). Since t € (—o0,0], F(—79) € [0,1].

[1-(1-F(-m))%] >1— F(—m)

%[1—(1—1‘)2]21—x

1-(1-224+2*)>2-2z
2x—x222—2x
22 —4x+2<0

The roots of 22 — 4z + 2 = 0 are 2 = V168 VQHHS = 2 + /2. The inequality 2> — 42 + 2 < 0 holds
forx € [2— /2,2 + /2. Since z = F(—79) € [0,1], we have z € [2 — +/2,1]. Thus, in any
symmetric NE (19, 70), F(—70) > 2 — V2.

The accuracy is the probability of correct attribution. A necessary condition for correct attribution is

that both reports are valid (r; < 0,75 < 0), which occurs with probability F' (770)2. Therefore, in
two homogeneous setting, the accuracy in any symmetric NE is bounded below by:

ACC(Muaw) = f ACC(Myew; F*?) = F(—m0)* > (2 — V2)?

Step 2: Tightness of the Bound We construct an example using the distribution family with PDF
fa(t) = car(e=t — 1) fort € [~M, 0] and 0 otherwise, where M > 0 and cpy = (eM — M — 1)1
is the normalization constant. The CDF is Fi(t) = cpr(—e™t —t +eM — M) fort € [-M,0].
We aim to show that for this family, a unique symmetric Nash equilibrium exists, and the accuracy
approaches (2 — v/2)? as M — oo.

Existence and Uniqueness of Best Response: First, we demonstrate that for any fixed strategy
79 € [0, M] chosen by platform 2, there exists a unique best response strategy 71 € (0, M) for
platform 1. Let Uy (71; 7o) denote the expected utility of platform 1. The best response 7; maximizes
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this utility. We analyze the first and second derivatives of U; with respect to 71 (using the notation ¢’
and ¢” from the sketch):

i) = T = gy +

—T1

fa @) far(t+ 1 — m2)dt
M

—71

2 .
iﬂ@ﬂ@zﬁﬂwuameﬂwm~m+/'fwwmw+nfww
M

2
oTi _

Since f},(t) = —care™t < 0and far(t) > 0 for ¢t € [—M, 0], we established that e”(71|7) < 0 for
71 € [0, M). This proves that Uy (71; 72) is a strictly concave function of 71 for any fixed 75.

e (r1|m2) =

Consequently, the first derivative e’(71|72) is strictly decreasing in 7;. We examine its sign at the
boundaries:

« &(0r2) = [0, Far(®) far(t — m)dt > 0.
s '(M|mo) = —fau(—M) = —cpr(eM — 1) < 0 (for M > 0).

Since €’(71|72) is continuous (as fp; and fj, are continuous) and strictly decreases from a positive
value at 3 = 0O to a negative value at 7; = M, the Intermediate Value Theorem guarantees that
there exists exactly one value 71 € (0, M) such that €’ (7|72) = 0. This unique root 75 corresponds
precisely to the unique maximum of the strictly concave utility function U; (71; 72). Therefore, for
any given strategy 7o, there exists a unique best response 7; € (0, M) for platform 1, characterized
by the unique solution to the first-order condition €’(7|m2) = 0. By symmetry, the same holds for
platform 2.

Finding the Symmetric Nash Equilibrium: Having established the uniqueness of the best response,
we now seek a symmetric equilibrium (757, 7a7). This requires 7,/ to be the best response to itself,
satisfying e’ (Tps|7ps) = 0:
—TM™
EI(TM|TM) = —fM(fT]y[)Jr/ fM(t)zdt:()
-M

The analysis confirms this equation has a unique solution 73, € (0, M). We solve:
—TM
—cp(e™ — 1)+ c?\/[/ (e7t —1)%dt =0
-M

Multiplying by (eM — M — 1)

—TM

—(eM — M —1)(e™ —1) +/ (e —2e "t +1)dt =0
—-M

1 —TM
—(eM M —1)(e™ —1)+ |:—262t-‘r2€t—|—t:| =0
-M

1 1
,(eZVI M- 1)(6TM _ 1) + (2€2TM +2€T1\/] TM) _ (2€2M +26]% . M) =0

Rearranging terms yields the equation for 7,;:
—%627—1\4 + (34 M —eMye™ — 7y + %ezM —eM_1=0
Let 7y = M + v, where v € (—M, 0). Substituting and dividing by €2 :
—%62"’ +(B3+Me M — &Y — (M +7)e?M + % —e™M _e2M 9
Taking the limit as M — oo:

1 1
—5627—67—&—5:0 = 27427 -1=0
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Solving the quadratic equation for e” yields €7 = ZEVAADED 14 /3 Since e” > 0, we

2
must have €7 = v/2 — 1.

Calculating Limiting Accuracy: The accuracy Ay in the equilibrium (757, 7as) is at least Fy(—7ar)2.
‘We evaluate the limit of this lower bound:

lim FM(fT]V[): lim FM(fo’}/)
M— o0

M—o00
= lim cpy(—eM* — (=M — ) + M — M)
M—o00

L Mot py g eM
= lim
M—o00 6‘7\4 + M—-1
Ml —en) +y
= lim ——————
M—oo eM 4+ M —1
=1—¢" (since eM dominates M as M — o)

—1-(V2-1)=2-V2

Therefore, in two homogeneous setting, ACC(M_pcnr) < (limps oo Frar(—7a1))% = (2 — V2)2.
Since we established a general lower bound of (2 — v/2)? for the accuracy in any symmetric NE, and
we constructed a specific family of distributions for which the accuracy approaches this value in the
limit, we conclude that the worst-case accuracy is exactly (2 — \/5)2, and the bound is tight. O

B.3 Proof of Theorem[3

Proof. Let f(t) and F(t) denote the common PDF and CDF of the true impression times t; for n
homogeneous platforms, supported on (—o0c, 0]. In a symmetric Nash equilibrium, all platforms
adopt the same strategy (7o, ..., 7o), so the reported times are r; = t; + 79. The LCM attributes
credit to the platform with the latest valid report (r; < 0). The accuracy ACC(Mycm; F*™) is the
probability that the platform with the latest true impression time ¢; < 0 is correctly attributed, which
requires all reports to be valid (r; < 0), occurring with probability F'(—7p)".

We prove the theorem in two parts: first, we establish that for any ', in any symmetric equilibrium,

NGl
ACC(MLCM;Fxn) > (1— (n> ) ;

second, we construct a distribution F with a symmetric equilibrium such that

ACC(Myew; Fom) < [ 1- (“4‘/6) +<2_4*/6>

n

Step 1: Lower Bound on Accuracy Assume (79, ..., 7o) is a symmetric Nash equilibrium, where
no platform increases its expected utility by unilateral deviation. The expected utility U; (7;; 7—; =
[70]*~ 1) of platform 4 choosing strategy 7;, with others choosing 7o, is the probability it receives
attribution.

When all platforms choose 7y, the probability that at least one report is valid (r; < 0) is:
1-— P(Tj > O,Vj) =1- P(tj > —T(),Vj)
=1- (1 - F(—T()))n.
By symmetry, each platform’s utility is:
_ 1 n
Ui(rs T = [10)" 1) = - [1-(1-=F(-7))"].

If platform ¢ deviates to 7; = 0, its report r; = ¢; < 0 is valid, and it is attributed if all other reports
are invalid (t; > —7¢ for j # 4). This occurs with probability:

U0 7 = [ ) 2 (1= F(=m0))" ",
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The equilibrium condition requires:

Ll - (= Fem)) 2 (- F-m) ™

Multiplying by n:
1-(1—=F(=m)" >n(l - F(—m))" "

Letz =1 — F(—7p) € [0, 1]. The inequality becomes:
1—2">nz" ' or g(z)=2"+nz""'-1<0.
Compute the derivative:
gd@)=nz"'+nn-1z" 2 =nz""2(x+n—-1)>0 forzc0,1].

Thus, g(x) is strictly increasing. Evaluate at:

_1 _1
o r= (%ﬂ) "' g(x) < 0 (since (n%rl) BRES))

. x:(l)ﬁ:g(:ﬂ):(%)%+n-%—l>0.

n

1

= 1
Since g(z) is strictly increasing, there exists a unique root xg € ((n_lH) T ( % ) n1> such that
1
1 n—1
v < () |
n

1-F(—m) < (;)nll . F(—=m)>1- (i) nil .

The accuracy in n homogeneous setting satisfies:

g(xo) = 0. Thus, g(z) < 0 implies:

Therefore:

1 n—1
ACC(MLCM) = l%f ACO(MLCM; F><n) = F(*To)n > (1 — () )

n

Step 2: Upper Bound on Accuracy We construct a distribution to demonstrate that the accuracy
can approach the upper bound in a symmetric equilibrium. Define the PDF:

i) = {-2:5 ift € [1,0],

0 otherwise.

Verify that f(¢) is a valid PDF:

/_Olf(t)dt = /_01(—2t)dt — 9 [tjrl _ 9 (0_ ;) L

F(t) = /_tl(—Qu) du=—[u*]_, =—(t*-1)=1-+t, te[-1,0].

-1

The CDF is:

Compute derivatives:
fe)y=-2, f"(ty=o.
Part 2 is divided into two subparts: first, we prove the existence and uniqueness of platform ¢’s

best response when other platforms’ strategies are fixed at 7_; = [73]*"; second, we establish the
symmetric equilibrium and compute the upper bound on accuracy.
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Existence and Uniqueness of Best Response: Fix the strategies of platforms j # ¢ at 7_; = [1]*".
Platform 7’s expected utility is:

—T; — Ty n—1
G =™ = [ Cro (1= [T fwa)
-1 t+7i—T2
The first derivative is:

Ui(ri;m—i = [12]*")

-2

=— f(—7) + /1” ft)(n—1) (1 - /tT2 f(u) du)n ft+7—m)dt

+Ti—T2

=—f(=mi) + /1” f(#) <(1 — /ijz f(w) du> M)/ dt
1o1- [ 1w d)] - JRECIEE L. s d) i
S AU AT MRS

The second derivative is:

=—f(-m)+

U/ (137 = [12]*")

=—f(-1)(n—-1) (1 - /_T2 f(u) du)TL_2 f(=1+7 —7)+ f(—7)

—7 _1+Ti_T2_72 n—2
—/ ft)(n—1) (1—/ f(u)du) fE+7—m)dt
-1 t+7;—T2

n—2

G (O I (OIT) BN E R S SESE

—14+7i—72
1

- lf’(t) (1 /+ f(u)du)nl o / 1” 0 (1 /+ f(U)dU>n dt
T - tri—T2
n—2

=—f(—1)(n_1)(1—/__T2 f(u)du> (=147 =)

1471 —72

+7(-1) (1 -7 w du)nl <0,

—147i—72

Thus, U] (7;; 7—; = 72) is strictly decreasing. Since:

U075 = 75) = /_Ol FH)(n—1) <1 - /t__ () du) i F(t—r)dt >0,

Uj(Lit—; =12) = —f(~1) <0,
there exists a unique 7;* € (0, 1) such that U/(7; 7_; = [12]*™) = 0, which is the best response.
Symmetric Equilibrium:
For the symmetric equilibrium, set ; = 7, 7_; = [7]*™. The first-order condition is:

n—2

Ultrsr—i = [ = ~f(=)+ (=) [ 00 (1 [ du) F(t) dr

— 0 (1= [ s du)nl [ Tro(- [ du)nl .
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Define h(7) = U/(7; T—; = [7]*™). Compute its derivative:

h%r>=<—uz—1xﬂ—4>(1—3[17fundu)n_2f<—7»+f%—r>

—2

wn/;ﬂwQ[TﬂMMY F(=r)di

< —(n—-1)f(-1) <1 — /_:T f(u) du)n_2 f(=1)+ f'(-7)

-2

—m—n/;ﬂw@—lTﬂmMY Ft) de

=—(n—1)f(-1) (1 — /: f(u) du) o f=1)+ f'(=7)
[ro (- [T rwa) ] e T (- [ w)
=—(n—1)f(-1) <1 - /: fu) du) o f(=7)

+ (1) (1 _ /_1Tf(u) du)n_l <.

Thus, h(7) is strictly decreasing. Since:

-1

-2

h@@ﬂfﬁ@@j%@ﬂ@nfmﬁ>a

h(1) = —f(-1) <0,
there exists a unique 7y € (0, 1) such that h(79) = 0, defining the symmetric equilibrium.

For f(t) = —2t, t € [-1, 0], otherwise 0:

1
h(r) = —27*""2 4 2/ (1+72—u®)" ' du.

Set h(1) = 0:
1
T2 = / (1+712—u*)" ' du.
Forn = 2:
1 w31t
72 :/ A+ —ud)du=(1~-7)+ |:7'2U— 3}
1 3 2 2
=(1-7)+ <7’2—3) - (73—;> =T2+§—T—§T3.

Thus:

2-3r—273 =0.

The real root is:

2+6 ; 2-6 ;
) )
F(_T()):l_Tg:l_<<2+4\/5>3+<2_4¢6>3) |
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Denote the specific distribution as Fp, and the accuracy is:

2

4 4

Forn > 2,let A(u) = 1+ 72 — u? > 0, u € [7, 1]. By Jensen’s inequality for z"~! (n — 1 > 1):

1

<1iT/T1A(u)du)n_ < 1iT/T1A(u)"1du.

Thus:
1 n-1 1
(/ A(u) du) < / A(u)" "t du.
So:
1
h(T) =2 {—72"_2 +/ (1472 —uH)n! du}
. 1 n—1
22[—7'2"24—(/ (1+72—u2)du> ]

Since:

1 n—1
N (/ (1478 —u?) du) =0,

0
we have h(m) > 0. As b/ (1) < 0, the root 7, for n > 2 satisfies 7, > 7. Thus:

F(—1,) < F(—79).
The worst-case accuracy satisfies:

ACC(MLCM> :i%fACC(MLCM; F><n) S F(—Tn)" S F(—T())n
3 3
(2B (226
4 4
Combining both parts, the ACC(M]cm) in n homogeneous setting satisfies:

NGy 246\ [(2-v6\
(1_(71) ) <ACC(MLCM)§ 1-— ( 1 ) +< 1 )

B.4 Proof of Theorem [d

2 n

Conclusion

Proof. To prove that the worst-case accuracy of the Last-Click Mechanism for n platforms with
distributions f;(t) over (—oo, 0] can approach 0 in equilibrium, and that this bound is tight, we
construct a specific set of impression time distributions. We show that a Nash equilibrium exists
where a platform that is never the true last impression receives nearly all attribution, driving the
accuracy to 0. The proof proceeds in five steps: defining the distributions, introducing an equivalent
distribution, establishing the equilibrium, computing the attribution, and analyzing the accuracy in
the original setting.

Step 1: True Impression Time Distributions Consider n platforms with impression times ¢;, i € [n].
The true PDFs are defined as follows:
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* Platform 1: The impression time ¢; follows a uniform distribution over a narrow interval:

Loifte[-2—¢-2],
Frime(t) = {O otherwise,

where € > 0 is a small parameter. The integral f:;e Ldt =1 confirms that f yr(t) is a
valid PDF.

* Platforms i € {2,...,n}: The impression times ¢; are all uniformly distributed:

1 ifte[-1,0],
0 otherwise.

filt) :{

The integral | _01 1dt = 1 verifies that each f;(t) is a valid PDF.

For any realizations ¢1 ~ fi we and t; ~ f;, we have t; € [-2 — €, —2] and ¢; € [—1,0]. Since
—t1 < -2 < —1 < t;, platform 1 is never the true last impression. The true last impression is always
one of platforms 2, . .., n, each equally likely due to their identical distributions.

Step 2: Equivalent Equilibrium-Inducing Distribution

To simplify equilibrium analysis, we define a shifted distribution for platform 1:

L oifte[—e0],
fl,eq(t) - {0 otherwise.

This distribution is related to f1 e by a shift: fi oq(t) = fi1,we(t + 2). Specifically, fi je(t) = %
for t € [—2 — €, —2], and shifting the argument by 2 units (i.e., t — t + 2) maps the interval
[-2 — €, —2] to [—¢, 0]. The distributions f;(¢) fori € {2,...,n} remain unchanged, i.e., f;(t) = 1
fort € [—1,0].

The shift aligns platform 1’s distribution support with that of the other platforms, facilitating the
analysis of Nash equilibrium under f ¢q and (f;)ic{2...n}. Suppose a Nash equilibrium exists where
platform 1 reports ¢ + 71 under fi 4. In the original setting with f e and (f;)7, platform 1 can
report ¢1 + 2 4 71, compensating for the 2-unit shift between f1 e and fq ¢q. Since the Last-Click
Mechanism depends on the relative ordering of reported times, this adjustment ensures that the
attribution probabilities remain identical. Therefore, we analyze the equilibrium using f; ¢q and verify
the results in the original setting.

Step 3: Existence of Nash Equilibrium

We hypothesize a equilibrium where platforms ¢ € {2,...,n} all report 75 , and platform 1 reports
optimally (7;). The Last-Click Mechanism attributes the click to the platform with the latest reported
time ¢; + 7;. Platforms i € {2,...,n}: For any platform ¢ € {2,...,n}, given platform 1’s strategy
71 and the common strategy 7 of platforms j € {2,...,n}\ {i}, the expected attribution of platform

1 as a function of its strategy 7 is:
92 -
<1 - / fi,eq(u) du> dt.
t+7—71

ei(rIm, ) = :fg(t)<1/t_T2 fQ(u)du>n

+7—T2
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The derivative is:

irinm) = —n(-n) + [ 20) [m—m (1— /- fz<u>du)"_3f2<t+f—r2>

+7—T2

e -T2 n—2
X (1 — /HT_T1 freq(w) du) + (1 — /t+7—7-2 fa(u) du) freq(t +7 —11)
-7 -T2 n—2 i '
=—fo(=7) + ) fa(t) [(1 —/HT_T2 fa(u) du) (1 _/t+7'—7'1 f1eq() du)] dt
(1 o /t-::l—n fLeq(U) du)]

) |

-7 —T2 n—2 —T1
- —1 fé (t) (1 - /t+7'7'2 f2 (U) du) <1 - /tJrT'rl fl@q(U) du) a

2

—n(1-[ " pwa) (-7 pawa) <o

since f5(t) = 0in [—1,0], fo(—1) = 1, and the boundary term at ¢ = —7 cancels out. Thus,
regardless of 71 and 75, platform ¢’s optimal strategy is to report truthfully (7 = 0).

dt

=—fa(-7) + _

By symmetry among platforms ¢ € {2, ..., n}, if an equilibrium exists where these platforms adopt
identical strategies, then each platform ¢ € {2,...,n} reports truthfully.

Platform 1. Now consider platform 1 when platforms 2, ..., n report truthfully (7; = 0). The
expected attribution function is:

—r 0 n—1

el(r) = f1eq(t) (1 - fa(u) du) dt.
—€ t+7

The derivative is:

0

—T

) = —frea-) | Frea®n—1) (1 -

—€

fo(u) du> fo(t+7)dt

t+1

—T 0 n—17"'
= _fl,eq(_T) + fl,eq(t) l(l - fQ(U) du) ] dt

—€

0 n—1
= —fleq(=7) + | f1,eq(?) (1 — fo(u) du ]

— rea(=T) + Freq(—) — fieal—e) (1 -/ U du)nl

= — freq(—€) (1—/0 fg(u)du>n <0.

—e+T
Thus, when platform 1 follows f; ¢q and platforms 2, ..., n report truthfully, platform 1°s optimal
strategy is to report truthfully (7 = 0).
Step 4: Attribution Calculation at Equilibrium

Thus, truthful reporting is an equilibrium under distributions f; .q and f>. In this equilibrium, where
all platforms report truthfully (7; = 0), platform 1’s attribution is:

01 0 n—1
61(0):/ <1—/ 1du) dt.
—c € t
Substitute s = —t, so dt = —ds, and the limits become s = 0to s = €:
€1 17 1 |
0)=[ ~(1—-s)"tds=-|——1—-5)"| =—[1-(1-e"].
a) = [[ta-otas= L[ La-r| —n-a-on
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11 1 1—(1=-e" 1 1—¢)n 1
lm 21— (1= ] = L 22" Ly =

= — lim =1
e=0Mn e n €e—0 € n e—0 1
Thus, as € — 0, platform 1’s attribution e; (0) — 1, and the attribution for platforms i € {2,...,n}
is:
1— 61(0)
i(0) = ———— — 0.
ei(0) n—1

Step 5: Accuracy in the Original Setting and Tightness

In the original setting with f1 e for platform 1 and f2(¢) for the other platforms, platform 1 reports
t1 + 2 to mimic the equilibrium strategy under fi ¢q. Since f1 eq(t) = f1,mue(t + 2), this ensures the
same attribution probabilities, with e;(0) — 1 and > , e;(0) — 0 as e — 0. Although platform 1
is never the true last impression, the true last impression is always one of platforms 2, ... ,n. The
accuracy, defined as the probability that the attributed platform is the true last impression, satisfies:

ACC(MLCM) < ACC(MLCM; F) < 61(0) — 0,

-

||
N

K2

since the probability of correctly attributing the true last impression is at most the total attribution
probability of platforms 2, . . . , n, which approaches 0. This demonstrates that the worst-case accuracy
approaches 0. The construction shows the bound is tight, as the accuracy can be made arbitrarily
close to 0 by choosing sufficiently small e. [

C Missing Proofs in Section 4]

C.1 Existence and Uniqueness of Thresholds
Here we provide a detailed analysis of the existence and uniqueness of the validation threshold ag)
and the prior probability 3; in the Peer-Validated Mechanism (PVM), as referenced in the main

text. Here, a(si) is the threshold for platform ¢ given the set S = {j € [n] | r; < 0}, solving

Gi(a(si)) = fi, where G;(t) = [[;cq\ (s £(t) is the CDF of the maximum click time among i’s
peers, and f3; = LOOO fi(t) [1;.2; F5(t) dt is the prior probability that 7 is the true last-click platform.

Standard Case: If G;(t) is continuous and strictly increasing, then in this standard case, for any

Bi € (0,1), a unique solution ag) is guaranteed to exist by the Intermediate Value Theorem.

Special Case 1 (Flat CDF): If G;(¢) has a flat region, and j3; falls within this flat range, the threshold

a(Si) would not be unique. However, a flat region in G, (¢) implies that the probability of the maximum
peer click time occurring within that specific interval is zero (P(maxt_; € [a, b]) = 0). Therefore,
any threshold ag) chosen within this flat interval will yield the exact same attribution outcome. The
choice is arbitrary and has no impact on the mechanism’s performance.

Special Case 2 (Discontinuous CDF): In the rare event that G;(t) could have a jump discontinuity

at a point 6 such that G;(0—) < 8; < G;(0), a single threshold a(Sl) would not exist. This scenario
implies a non-zero probability that max¢_; = 6. The mechanism can be modified to handle this
by using a probabilistic assignment: if maxt_; = 6, we assign credit to platform ¢ with a specific
probability p such that the expected attribution remains 3;. However, we consider this case to be of
limited practical relevance, as click times are typically modeled as continuous random variables.

C.2 Proof of Proposition 2]
Proof. We prove the two properties separately.

Part 1: PVM is Feasible We verify the three feasibility constraints defined in Section 2]

Constraint 1: 0 < z;(r) < 1 foralli € [n] and all r. 1t is easy to check that x;(r) € {0,¢;,1}.
Therefore, it satisfied Constraint 1.
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Constraint 2: x;(r) = 0ifr; > 0.

The term I[r; < 0] is part of the definition of x; (). If r; > 0, then I[r; < 0] = 0, which makes the
entire product x;(r) = 0. This constraint is satisfied.

Constraint (3): E¢ur[> o zi(t+7)] <1 VF,T

Suppose there are n platforms with click time distributions F', and let 7 denote the reporting strategy
profile. Let e; € [0, 1] denote the true probability that platform 4 is the last click, and é; its expected
attribution under PVM. Define S as the set of all subsets of [n], and for each subset S, let P(.S) be the
probability that exactly the platforms in S report before the conversion time (i.e., are eligible). Then:

=S Ps)1h €8] (105 )12 1P (e 75 <00 4108\ (i} = 0]

Ses JeS\{i}

z 7 max a() 1 H = 0|e;
<SZ€SP eS(H[S\{quP(GS\{}M )+H[|S\{}| 0 )
= S P(S)Tli € S| AIS\ {i}] > 1 es + TS\ {i}] = 0] ex)

Ses
*ZP I[i € S]e;
Ses
§ei.

Summing over all ¢ € [n], we obtain:

n n

:Zéigzeizla

i=1 i=1

in(t +7)

=1

Eir

which confirms that Constraint 3 is satisfied.

Part 2: PVM is DSIC  Fix any r_;. Under the PVM, the allocation rule z;(r;, 7_;) depends on r;
only through the indicator I[r; < 0], which is a non-increasing function of r;. Therefore, x;(r;, r_;)
is also non-increasing in r;.

By Theorem I} this monotonicity implies that PVM satisfies the DSIC property. O

C.3 Proof of Lemmal(l]

Proof. We aim to maximize the expected correct attribution, defined as
E; [Ii(ti, t—z) . H[t, > max{t_i}]} s

subject to two constraints: (1) z;(¢;, t_;) must be non-negative and non-increasing in ¢; for any fixed
t_; (ensuring DSIC), and (2) the expected attribution is fixed, i.e., E¢[z;(¢;,t_;)] = e;. We also
require that z;(¢;,t_;) € [0, 1] for all ¢;, reflecting the feasibility.

To determine the optimal allocation, we first derive an upper bound on the conditional accuracy for a
given max{t_;} = m € (—o0, 0]. Fix t(_Oi) such that max{t(_oi) } = m. The expected attribution is:

0
By [wi(t:,t)] = / zi(ti 8O filts) dt

and the expected correct attribution, occurring when t; > m, is:
0

By, [2:(t;, ) - 1[t; > m]] = / wi(t,t0) fi(t:) dt
If E, [xi(ti7t(_()2 )] = 0, no attribution is assigned, and the accuracy is undefined. If

fn(i 2 (ts, tEOi) )fi(t;) dt; = 0, the correct attribution is zero, so the accuracy is zero, which does
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not contribute to deriving a non-trivial upper bound. Thus, we assume Ey, [z;(¢;, t(f)l) )] > 0 and
fng 2 (ts, t(_oi) )fi(t;) dt; > 0, ensuring both the denominator and numerator are non-zero. The

conditional accuracy, weighted by the density gi(t(fi) ), is
Er, [oi(ti, €)1t > m)) [y it 89)) k) dt
E, [-%(tiat(fi)) fi)oo wi(tivtfz)fi( i) dt

Splitting the denominator, we obtain:

0 m 0
/ 2t 80 fi(t) dts = / et tO) Fu(ts) dty + / et 8O) filt) dt,

— 00 — 00 m

so the accuracy becomes:

S ai(ti, t0)) fi(t:) it B 1

f_ tz;t(O))fz( dt; +f l'z tz’t(O))fl( z) dt; o o mi(ti,tg);)fi(ti)dtm n
J2 i (it O) fi(ti) dt;

Since xi(ti,t@) is non-increasing, mz(tz,t(o)) > xi(m,t(fi)) for t; < m, and xi(ti,t(fi)) <
x;(m, t(_()?) for t; > m. Thus:

S wilts 80D it dts [ wstm 6D fit) db - awi(m #O)Fim)  Fim)
[ttt At [0 wm O fit) e im0 (1 - Fim) 1 F(m)
Hence: |~ Fi(m)
Acouraey = 1257%) +1 B Fi(m)+1— F;(m) =1-Fi(m),

Equality holds when z; (¢, ¢ 2) =c¢>0,as:
f?oo cfi(ti) dt;

Thus, the conditional accuracy is at most 1 — F;(m).

‘We now prove that the proposed rule:

% 1, lf max{t_i} S 0,-,
(L) = :
zi( ) {0, otherwise,

with G;(0;) = e;, is optimal. This rule is DSIC, as it is independent of ¢;, and satisfies:
Et[l':(fi,t,i)] = P(max{t,i} S 91) = G(H) = €;.

Suppose there exists an optimal mechanism z;(t;,t—;) # i (¢;,t—;), which maximizes
E¢[xi(ti, t—;) - I[t; > max{t_,}]], satisfies DSIC, and meets E; [xi(t“ t_;)] = e;. Since x; # x},
(
t

there exists some t(jz) with max{t(fi) } =my < 0; such that x;(-, 712 ) is not identically 1, i.e.:

0
By, [zi(ti, )] = / wilti, ) filts) dt; < 1.
Define the attribution deficit as:

5= gi(t)) - (1 = By, [w:(t;, t"))]) > 0,

where gl(t( )) is the density of t( ). This deficit § represents the portion of expected attribution not

assigned at ¢! ? To maintain E¢[z;(¢;,t_;)] = e;, this deficit must be allocated elsewhere. Since z}

)

assigns zero attribution for max{t_;} > 6;, we abstract a single @) with max{t )} =mg >0,

or

such that the expected attribution at is exactly:

Ey, [2:(t:,t°))] - :(8%)) = 6 = gi(¢)) - (1 — By, [t £))]).

7
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From the accuracy bound, the accuracy at m; < 6; is at most 1 — F;(mq) > 1 — F;(6;), while at
mg > 6;,itis at most 1 — F;(mz) < 1 — F;(6;). Construct a new mechanism x; by setting:

2t =1, (1, t%) =0,
and keeping « (t;, t_;) = x;(t;,t_;) for all other t_;. The expected attribution of 7, is:
Et[l’;(tl,t_i)] = ]Et[l’z(tz,t_l)} — (S + 5 = €4,

since the increase at t(jl) (gi(t(ji) ) - (1 — By, [ (¢4, t(jl) )])) offsets the decrease at t(i) . Before the
(1)
t

—i

with expected amount gi(t(_li) ) - By, [z (¢, t(_12 )], had an accuracy
(

change, the attribution at

of at most 1 — F;(mq), and the J-portion at ¢ 22 had an accuracy of at most 1 — F;(myz). After

the change, the total attribution at t(_12 , NOW gi(t(_li) ) - By, [ (ts, t(_ll) ) +6 = gi(t(_li) ), achieves an
accuracy of exactly 1 — F;(mq). Since the original attribution at t(_ll) had accuracy < 1— F;(my), the
transferred d-portion must contribute an accuracy > 1 — F;(mq) to maintain the weighted average

of 1 — F;(my). Thus, the d-portion, previously at t(_zi with accuracy < 1 — F;(ms), now achieves
accuracy > 1 — F;(my). Since m; < 6; < mg, we have:

1—Fi(m1) > 1= Fi(6;) > 1— Fi(mo).

Hence, the §-portion’s accuracy increases from < 1 — F;(ms) to > 1 — F;(my) > 1 — F;(m3), not
decreasing the overall expected correct attribution. This 2 is also optimal.

Thus, x}(t;,t_;) maximizes E;[x;(¢;,t_;) - I[t; > max{t_;}]], satisfies DSIC, and meets
Et[l‘: (ti,t_i)] = e; with Gl(Gz) = €;. O]

C.4 Proof of Theorem[3|

Proof. We prove the optimality of PVM in the homogeneous setting in two steps. First, we show that
PVM assigns the same threshold to all platforms. Then, we prove that this symmetric allocation rule
is indeed optimal among all DSIC mechanisms.

In the homogeneous setting, each platform ¢ € [n] under PVM is assigned an allocation rule:

1 if max{t_;} < o
i(t) = :
zi(t) {O otherwise

®)]
where the threshold «; is chosen such that
1
H Fylag) = .
J#i
Due to symmetry (i.e., all '; = F'), this reduces to
n-Fla;)" ' =1, Vi€ l[n].

Thus, all «; are equal, and we denote the common threshold by «, which satisfies

Pl (Dl/(n—l) |

We now argue that this allocation rule is optimal. Note that any optimal DSIC mechanism must
allocate a total expected credit of 1; otherwise, unallocated credit does not contribute to attribution
accuracy, and reallocating it (without violating DSIC) could only improve or preserve performance.

By Lemmal[I] any DSIC mechanism can be reduced to a threshold-based one. Therefore, it suffices to
consider threshold-based mechanisms that allocate full expected credit.

Suppose there exists an optimal threshold-based mechanism with K > 2 platforms using thresholds
different from «. Then, there must exist at least two platforms with thresholds on opposite sides of
«. Without loss of generality, let platform 1 use #; < « and platform 2 use 6> > «, with allocation
rules:

x§°) (t) =1 |:I§l£i(tj < 91} , xgo) (t) =1 |:I]Il£§(tj < 92} .

33



Now consider reallocating attribution from platform 2 to platform 1 over the region where
max;-1 t; € (e, 62]. Define the modified allocation:

(1) (1)

t)=1 t; <6 t; 0 t) =1 t; < .

zy ' (t) maxt; < 0y or maxt; € (o, z]}, zy (1) {glgg_a]

By symmetry, this transformation preserves both the expected total attribution and overall accuracy.
Applying Lemma again, there exists a new threshold 0 such that

2P =1 [I?Qf(tj < 9’1]

achieves the same expected credit and accuracy as x%l).

If 0] = «, the number of platforms with thresholds different from « becomes K — 2. Otherwise, it is
reduced to K — 1. In this latter case, there must exist another platform 4 with threshold 6; # « such
that (6] — «)(6; — o) < 0, i.e., the two thresholds lie on opposite sides of a. We can then repeat the
above exchange process between platform 1 and platform .

This iterative process terminates when all platforms use threshold a (i.e., K = 0), yielding a
symmetric, DSIC mechanism with the same optimal accuracy. This is exactly the allocation rule
implemented by PVM in the homogeneous setting. The proof is complete. O

C.5 Proof of Theorem 6]

Proof. Since the platforms are homogeneous, the thresholds are identical, i.e.,
0, =0y = =0, = 0.
By definition, the threshold 6 is chosen so that for any platform ¢,

0
IROE / fit) [] 75t dt.
J#i e J#i
Due to the symmetry, the probability that any individual platform’s true display time satisfies

t;, <0

is given by

Denote

1
1 n—1
o= () |
n
Then, by construction, the probability that the report times of the other n — 1 platforms are all at most
0 is
-1

NI
a" = [() ] = —.
n n

Correct attribution occurs under two mutually exclusive events:

1. All n platforms report times no greater than 6. The probability of this event is

a”.

2. Exactly one platform fails to report a time at most 0 (and hence n — 1 platforms report times
< 0). There are (’11) = n ways to choose which platform exceeds 6, and the probability for
each such configuration is

a" (1 - a).
Thus, the total probability of this event is

na"'(1 - a).
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Hence, the overall accuracy of the Peer-Validated Mechanism is
ACC( My FX™) =a" +na™ (1 —a) =a! (a +n(1-— a)).

Since

we have
n—1

1
ACC(Muyew; ) = - (a +n(l— a)) —1-

a.
n

1
Substituting back a = (%) "~! we obtain the stated accuracy:

ACC(Myey; FX¥™) =1 — (1 - l) (1> o .

n n

Therefore

n n

1\ 1\ 71
ACC(Micw) = inf ACC(Micw; F*") =1 (1- ) ()

C.6 Proof of Theorem[7]

Proof. We proceed in two parts: first, we formulate an optimization problem to derive the lower
bound on accuracy; second, we construct specific distributions to demonstrate that this bound is
achievable, thereby proving its tightness.

Part 1: Derivation of the Lower Bound via Optimization

Consider two platforms, where p € [0, 1] represents the probability that Platform 1 is the true
last-displaying platform, and 1 — p is the corresponding probability for Platform 2. Since the PVM
is dominant-strategy incentive-compatible (DSIC), there exist thresholds #; and 65 such that the
allocation functions for Platforms 1 and 2 are defined as:

17 1ft2 Salv 17 lftl §02>
t == t =
z1(t2) {0, otherwise, z2(t1) {O, otherwise.

These thresholds satisfy P(t2 < 61) = p and P(t; < 63) = 1 — p. Without loss of generality, we
assume 0; < 0.

To model the display times, we partition the domain (—oo, 0] into three intervals for Platform
I: (—o0,0:], (01,62], and (62, 0], with corresponding probabilities 1 — p — x, x, and p, where
x € [0,1 — p]. Similarly, for Platform 2, the same intervals have probabilities p, y, and 1 — p — ¥,
respectively, where y € [0,1 — p].

When the display times ¢; and ¢, fall in different intervals, the relative ordering of ¢; and ¢, and the
correctness of attribution are straightforward. However, when ¢ and ¢5 lie within the same interval,
we define by, by, and b3 € [0, 1] as the probabilities that ¢; > ¢, in the intervals (—oo, 61], (61, 02],
and (62, 0], respectively.

Since Platform 1 is the true last-displaying platform with probability p, we apply the law of total
probability to obtain:
p= P(t; € (02,0])P(ty € (—00,0s])
+ P(t; € (61,02])P(t2 € (—00,61])
+ b1 P(t1 € (—00,01])P(t2 € (—00,04])
+ by P(ty € (01,02])P(t2 € (61,62])
+ bgp(tl S (92, 0])P(t2 S (92, 0])

This constraint ensures that the probability for Platform 1 is p, while the complementary probability
1 — p for Platform 2 is naturally satisfied, as the total probability across both platforms sums to 1.
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The probability of misattribution, denoted F'alse, occurs when the PVM incorrectly attributes the
last display, given by:
False = P(t; € (01,02])P(ta € (61,02])P(t1 > ta|t1,t2 € (61,02])
+ P(t1 € (62,0])P(ta € (01,62])
+ P(t1 € (62,0])P(ta € (62,0])
=byxy + p(1 —p).

To determine the worst-case accuracy, we aim to maximize the misattribution probability through the
following optimization problem:

max bexy + p(1 —p)
st. p=pp+y)+azp+bi(l—p—2x)p+bxy+bsp(l—p—y),

0<z<1-p,
0<y<l-p,
p€0,1],
b1,bo,b3 € [0, 1]

To simplify this optimization, we first demonstrate that the contributions of b and b3 can be set to
zero without loss of optimality, as they do not directly contribute to the misattribution probability.

Lemma 2. There exists an optimal solution where by = bs = 0.

Proof. Consider an optimal solution where by, b3 > 0 satisfies the constraint p = p(p + y) + zp +
b1(1—p—a)p+beaxy+bsp(l—p—vy), implying p(p+y) + xp+ boxy < p. We analyze two cases:

* Case 1: If there exists b) such that by < b, < 1and p(p+y) + xp + byzy = p, then setting
(b1,b2,b3) = (0,b5,0) increases the objective function, as bhxy > boxy, while keeping
feasible.

e Case2: If p(p+y) +ap+zy < p,note that p(p +y) + xp + zy = (p+ z)(p + y). Since
(p+2)(p+79) € [p?,1] for 2,4 € [0,1—p], thereexistz < 2/ < 1—pandy <y <1-p
such that (p + 2')(p + y') = p. Setting (z,y,b1,b2,b3) = (2',9,0,1,0) increases the
objective function, as 'y’ > boxy. And it is still feasible.

Thus, an optimal solution exists with by = b3 = 0. O]

Applying this result, the constraint simplifies to:
p=p"+p(x+y) +bary = bary=p—p’—plx+y).
Since by € [0, 1], we derive:
p—p—plz+y) 20 = z+y<1-p
p—p* —plx+y) <zy = p*+ple+y) +ay>p.

The optimization problem becomes:

max  2(p —p?) = p(z +y)
st. z+y<1—p,

P’ +p(x+y)+ay >p,

IESl*p,
y<1l-—p,
x,y > 0.

To further simplify, we explore whether symmetry in the variables x and y can be assumed, as this
may streamline the optimization by reducing the number of variables.
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Lemma 3. There exists an optimal solution where x = y.

Proof. Suppose an optimal solution has z* + y* = S with z* # y*. Define 2’ = ¢/ = g The

objective function 2(p — p?) — p(x + y) remains unchanged, as ' + ¢’ = S. By the arithmetic
mean-geometric mean (AM-GM) inequality, 'y’ > x*y*, and all constraints are satisfied. Hence, an
optimal solution exists with z = y. O

Assuming x = y, the optimization problem simplifies to:

max 2(p — p?) — 2px

1—
st < —2L
2

p2+2px+z22p,
xglfpv

z >0,

p € [0,1].

The constraint p* + 2pz + 2? > p implies (p + z)? > p, yielding z > ,/p — p (discarding the
infeasible root p + x < —/D)- Thus, the problem reduces to:

max 2p(1—p—x)

1_
s.t. \/ﬁ—pgngp,

p € [0,1].

Since 1%7” > /p—pforallp € [0,1] (as 1 + p > 2,/p), the objective function is maximized when
x = /p — p. Therefore, the problem becomes:

max 2p(1—+/p)
s.t. pel0,1].

Define the function g(p) = 2p(1 — /p). Its derivative is ¢'(p) = 2 — 3,/p, and setting ¢'(p) = 0

yields p = %. Since g(p) is increasing on (0, 4) and decreasing on (3, 1), the maximum occurs at

p= %,Where:
4 4 4 8
— ) =2-—-(1=4/=]==.
g(9> 9 < 9) 27

Thus, the worst-case probability of misattribution is 2%, and the corresponding worst-case accuracy

is: g 19
1—-—==—.
2T 27
Part 2: Establishing the Tightness of the Bound
To demonstrate that the accuracy bound of %—? is tight, we construct explicit distributions for Platforms
1 and 2. Define the probability density function for Platform 1 as:

[ e (CE-2u (- -Blu bl
fl(t)_{o, otherwise,

and for Platform 2 as:
_JL te (R -Flu(-3.-1u (-5 3],
fz(t)_{o, otherwise.
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By evaluating the probability of correct attribution under the PVM with these distributions, we
confirm that the accuracy is precisely %—9. This result establishes that the lower bound derived in Part

7
1 is achievable.

In conclusion, we have rigorously demonstrated that the worst-case accuracy of the PVM for two
platforms with arbitrary probability density functions f; and f3 over (—oo, 0] is ;—? By constructing
specific distributions that achieve this accuracy, we have proven that this bound is tight. O

C.7 Proof of Theorem

Proof. We aim to lower bound the worst-case accuracy of PVM for n platforms with arbitrary
independent display-time distributions f;(¢) supported on (—o0c, 0]. To this end, we construct a
tree-based mechanism M., show that it is DSIC and matches PVM in expected attribution, and
then prove that PVM achieves at least the same accuracy. Finally, we lower bound the accuracy of
M e via induction.

Step 1: Definition of the Tree-Based Mechanism. Let d = [log, n|, and construct a complete
binary tree of depth d: the root node Sycontains all platforms,Sy = {1, ..., n}; each internal node
splits its platform subset into disjoint halves L and R; leaf nodes are singletons {:}, padded if
necessary.

Given report profile 7, define the eligible set S = {4 | r; < 0}. At each internal node with children L
and R, define thresholds:

P ( max t; < 9L> = P (lastclick € L | lastclick € (LUR)N S),
JERNS
and similarly for 6. If the corresponding report maxima satisfy the threshold condition, recursion

continues down that child; otherwise, attribution halts. At a leaf {4}, assign

2 (r) = Ir; < 0].

K

Incentive Compatibility. The mechanism is DSIC: reporting r; > t; risks r; > 0, which sets
x; = 0, while under-reporting is infeasible. Thus, truthful reporting r; = ¢; is dominant, and we may
assume r = t in analysis.

Expected Attribution. We show by induction that E[z**] = P(i = arg max; ¢;). Base case: At
the root, all probability mass is preserved. Inductive step: At each node, the threshold test partitions
the probability mass proportionally to the conditional probability of being the last click in each
child. Hence, the correct mass propagates recursively to the leaf corresponding to the true last-click
platform.

Step 2: PVM Dominates the Tree Mechanism. PVM is also DSIC and satisfies:

E[z}"M] = P(i = arg maxt;).
J

By Lemmal(I] among all DSIC mechanisms with fixed expected attribution e;, the single-threshold
rule

I'Z(tz,tfl) =1 [maxtj S 01:| s
J#i

where G;(0;) = e;, is an optimal attribution rule. Since PVM uses this optimal structure, and M e
achieves the same e;, it follows:

E[zPY™M . 1[i = arg maxt;]] > E[z{ - I[i = arg maxt;]].
J j

Summing over ¢ yields:
ACC(PVM) > ACC(M e ).

38



Step 3: Bounding Tree Mechanism Accuracy. Let Fj;, denote the event that the true last-click
platform survives after k tree levels. Clearly, P(Ey) = 1. At each level of the tree, the mechanism
compares two disjoint subsets of platforms—denoted L and R—based on the maximum reported
times within each group. This effectively reduces the comparison to a two-platform setting, where
the “virtual platforms” are represented by max;¢r, t; and max;cr t;. Thus, a PYM-style validation
test can be applied between these two groups, using thresholds that align with the probability that the
true last click lies in one group versus the other. By Theorem[7} each such binary test preserves the
true platform with probability at least 19 . Thus:

19

P(Ey) = P(Ex1) - P(By1|Ex) > P(Eg1) - o

19\ /19 Mes="]
PEH> (=) = (= .
(Ea) = (27) (27)

19 [log, 1]
27 '

This gives:
ACCMune) > (5

Conclusion. Combining the steps:

19 [logy n]
27 '

ACC(PVM) > ACC(Miyee) > (

C.8 Proof of Proposition 3]

Since PVM is DSIC, we get
Et[zi(t)] = Eq [mif{tj} < i) = [[ Fi(i) = P(i = arg max{t;}),
! i !
which means that PVM is fair.

C.9 Proof of Proposition 4]

Proof. We analyze the worst-case fairness of the Last-Click Mechanism (M o) under different
settings. Recall that for a mechanism M and distribution profile F, the fairness is defined as

Elx:
Fair(M; F) = min ‘ 2] :
{i|P(i=arg max; t;)>0} | P(i = arg max; t;)

Homogeneous case: n = 2. Let F' be any distribution on (—oo, 0] such that the worst-case
equilibrium under LCM is symmetric with delay 79. From Appendix the probability of an
invalid report is p = 1 — F((—79) = /2 — 1. The probability that both reports are invalid is p?, and
attribution occurs with probability 1 — p?

By symmetry, each platform receives attribution with probability (1 — p?), and has last-click
probability 1 5. Thus, the fairness is

. 2 3 (1 - p2> 2
Fair(Mpca; F*?) = 21/72 =1-(V2-1)?=0.828.
Homogeneous case: general n > 3. Let (79, ..., 7o) be the worst-case symmetric equilibrium for

n identical platforms. Let p =1 — F/(—7) be the probablhty of an invalid report. From Theoreml

we have:
\/2+f \/2— <1)1/<”—1>
p<|— .
n
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Hence, attribution occurs with probability 1 — p™, and each platform receives expected credit
1(1 — p™), while the last-click probability remains L. Therefore,

L(1—p")

Fair(/\/lLCM;FX”) = 1/n

=1-p".

Using the bounds on p, we get:

o\ N
n/(n—1)
1 2 6 2—1+/6
1-— () < Fair(MLCM;FX”) <1- i/ +4f + ;/ 4\/> .

n

Heterogeneous case: n > 2. In Appendix[C.7] we construct a heterogeneous instance where one
platform (platform 1) has a concentrated distribution supported strictly before the supports of all others.
In equilibrium, platform 1 always reports near O and consistently secures the attribution. Meanwhile,
all other platforms k € {2,...,n} have equal positive probability P(k = arg max; t;) = —5, but
receive zero expected credit under LCM.

Thus, for each such platform k, fairness approaches 0, and the overall worst-case fairness is:

i%f Fairf(M o F) = 0.

D Numerical Experiments Details

This section empirically validates our theoretical findings by comparing the Peer-Validated Mech-
anism (PVM) with the Last-Click Mechanism (LCM) using simulations grounded in real-world
click-timing data.

Empirical Click-Timing Distributions We obtained realistic click time distributions using click
records from four industrial advertising platforms (anonymized in this study as A, B, C, and D). The
underlying dataset, processed to ensure user privacy, featuring timestamps in seconds within the
[—100, 0] interval (relative to conversion)[r] For each platform, an empirical click-time probability
density was derived as follows:

1. Kernel Density Estimation (KDE): Each platform’s click-time density was initially esti-
mated from its raw data (filtered to the [—100, 0]-second interval) via Gaussian KDE. The
bandwidth for the KDE was set according to Scott‘s rule, a common and robust method for
automatic bandwidth determination in KDE. This non-parametric method captures unique
distributional characteristics without imposing restrictive assumptions on the density’s
functional form.

2. PDF Support Finalization and Normalization: To incorporate smoothed tails generated
by the KDE process (based on the [—100, 0]s input data) while ensuring click times ¢; < 0,
the operational support for these densities was defined as the interval [—120, 0] seconds.
Any probability mass estimated by KDE outside this [—120, 0] range was discarded. The
resulting functions, now defined on [—120, 0], were subsequently re-normalized over this
specific interval to ensure they integrate to one, forming valid probability densities.

This procedure produces a probability density function (PDF) for each of the platforms A, B, C, and
D. We denote the corresponding cumulative distribution functions (CDFs) by F4, F's, Fc, and F)p,
respectively. The resulting PDFs are illustrated in Figure 2]

""The [—100, 0]-second interval for input data was selected because click data for ¢ < —100s was observed
to be very sparse and exhibited a highly discrete distribution; its inclusion could impair the initial accuracy of
fitting continuous density functions.
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Normalized PDFs for 4 Platforms (KDE)
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Figure 2: Normalized PDFs for 4 platforms

Experimental Setup We compare the LCM and PVM mechanisms. Under LCM, platforms
strategically report delays 7;°, representing pure strategy Nash equilibria derived from the empirical
click time distributions (F4, Fg, Fo, Fp) established previously. Under PVM, platforms report
truthfully (7; = 0), consistent with its dominant-strategy incentive compatible (DSIC) properties.
Each configuration was evaluated using 5 x 10* simulated user paths, repeated over 10 independent
runs.

Two primary settings were considered, based on these empirical distributions:

1. Homogeneous Setting: For each of the four distinct empirical distributions
(Fa, Fp, Fe, Fp), we simulated scenarios with n € {2,3,4,5} identical platforms, all
drawing click times from the chosen baseline distribution. This setting evaluates mechanism
performance against an increasing number of statistically similar competitors.

2. Heterogeneous Setting: We simulated n = 2 platforms using all six pairwise combinations
of the distinct empirical distributions (F4, F'5, F, Fp). This tests mechanism robustness
to diverse click timing behaviors.

Performance was assessed by attribution accuracy (ACC'(M; F')) and fairness (F AI R(M; F)).

The experiments were conducted using Python 3.8.19, running on a CPU. For mathematical computa-
tions, we utilized the SciPy 1.10.1 and NumPy 1.23.5 libraries. The total computation time for the
experiments was approximately twenty minutes.

Results and Analysis The detailed performance metrics for individual configurations in the homo-
geneous and heterogeneous settings are presented in Table[5] and Table[6] respectively.

To further assess PVM’s advantage, Table [/| reports results in the homogeneous setting across
different values of n. For each case, we show the average accuracy of LCM and PVM, PVM’s
absolute accuracy improvement over LCM (with standard deviation across platform distributions),
and the corresponding improvement in fairness.

Additionally, Table [8] provides an aggregate analysis of PVM’s improvements over LCM in both
accuracy and fairness for the heterogeneous setting.

These simulation findings (Tables [5H8) consistently highlight the advantages of the PVM mechanism.
Regarding attribution accuracy, PVM significantly outperformed LCM across all scenarios. In
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Table 5: Summary of homogeneous results across four real-world platform distributions. Each entry
reports the average LCM and PVM accuracy, PVM’s absolute accuracy gain (mean =+ standard
deviation across platform types), and improvement in fairness .

Plat. n T a LCM Acc.(u+o0) LCM Fair. (1 & 0)

PVM Acc. (1 4+ o) PVM Fair. (1 % 0)

A 22078 -33.91 0.7377 £ 0.0018 0.9769 £ 0.0021 0.7493 £ 0.0019 0.9967 £ 0.0041
3 2516 -31.40 0.4405 £ 0.0014 0.9767 £ 0.0031 0.6149 £ 0.0019 0.9947 £ 0.0060
4 2544 -29.70 0.3215 £ 0.0030 0.9834 £ 0.0031 0.5285 £ 0.0017 0.9939 £ 0.0072
5 2745 -2842 0.1640 + 0.0017 0.9817 £ 0.0050 0.4651 + 0.0022 0.9897 £ 0.0081
B 2 18.15 -31.83 0.7281 £ 0.0021 0.9753 £ 0.0028 0.7496 £ 0.0018 0.9985 £ 0.0029
3 21.28 -29.03 0.4827 £ 0.0019 0.9829 £ 0.0034 0.6150 £ 0.0019 0.9964 £ 0.0050
4 2343 -27.13 0.2848 £ 0.0023 0.9811 £ 0.0057 0.5268 £ 0.0023 0.9894 + 0.0044
5 2453 2572 0.1684 £ 0.0012 0.9807 £ 0.0079 0.4652 £ 0.0017 0.9964 £ 0.0079
C 2 1752 -31.03 0.6513 £ 0.0020 0.9573 £ 0.0028 0.7502 £ 0.0016 0.9953 £ 0.0034
3 2115 -28.11 0.4039 £ 0.0018 0.9761 £ 0.0021 0.6160 £ 0.0014 0.9968 £ 0.0047
4 2434 -26.02 0.2013 £ 0.0012 0.9761 £ 0.0031 0.5284 £ 0.0027 0.9962 £ 0.0060
5 2619 -2439 0.0956 £ 0.0011 0.9724 £ 0.0060 0.4643 £ 0.0024 0.9884 £ 0.0090
D 2 17.81 -32.08 0.7195 £ 0.0016 0.9757 £ 0.0014 0.7492 £ 0.0015 0.9959 £ 0.0031
32040 -29.06 0.5016 £ 0.0023 0.9833 £ 0.0045 0.6158 £ 0.0027 0.9973 £ 0.0040
4 2206 -27.01 0.3262 = 0.0015 0.9856 £ 0.0059 0.5277 £ 0.0032 0.9941 £ 0.0078
5 2285 -2550 0.2159 £ 0.0019 0.9833 £ 0.0059 0.4655 £ 0.0015 0.9941 + 0.0080

Table 6: Heterogeneous setting: average results over all six pairwise combinations of fitted platform
distributions. Shown are LCM and PVM accuracies, PVM’s absolute accuracy improvement, and

fairness improvement, reported as mean =+ standard deviation across pairs.

P1 P2 it

™

Qg

Qa2

LCM Acc. (u £+ o)

LCM Fair. (4 + o)

PVM Acc. (u £+ o)

PVM Fair. (1 + o)

A B 21.03 17.87 -33.65 -32.29 0.6887 £ 0.0013 0.8692 £ 0.0032 0.7519 £ 0.0012 0.9983 £ 0.0024
A C 21.03 1847 -3371 -31.57 0.6506 + 0.0014 0.7691 £ 0.0025 0.7528 £ 0.0011 0.9961 £ 0.0027
A D 20.73  17.87 -33.80 -32.47 0.6911 +0.0013 0.8494 £ 0.0027 0.7510 + 0.0016 0.9982 4+ 0.0023
B C 17.27 1877 -31.96 -30.92 0.6752 + 0.0022 0.8600 £ 0.0033 0.7499 £ 0.0011 0.9968 £ 0.0032
B D 17.87 18.17 -31.91 -31.98 0.7336 £ 0.0013 0.9548 £ 0.0015 0.7500 £ 0.0015 0.9978 &+ 0.0027
C D 18.47 1652 -30.95 -32.10 0.6741 +0.0015 0.8885 £ 0.0029 0.7506 + 0.0019 0.9995 £ 0.0040

Table 7: Average platform performance in the homogeneous setting. Columns report average accuracy
for LCM and PVM, PVM’s absolute accuracy improvement over LCM (mean and standard deviation
across platforms), and improvement in fairness.

n  AvgLCM Acc. AvgPVM Acc. Abs. Increase  Std(Abs. Inc)  Fair. Improve  Std(Fair. Imp)
2 0.7091 0.7496 0.0404 0.0396 0.0248 0.0089
3 0.4572 0.6154 0.1583 0.0439 0.0157 0.0034
4 0.2834 0.5278 0.2444 0.0580 0.0107 0.0047
5 0.1610 0.4650 0.3041 0.0490 0.0111 0.0040

Table 8: Heterogeneous setting: average results over all six pairwise combinations of fitted platform
distributions. Shown are LCM and PVM accuracies, PVM’s absolute accuracy improvement, and
fairness improvement, reported as mean =+ standard deviation across pairs.

Metric Value (¢ & o)
Avg LCM Acc. 0.6855 £ 0.0276
Avg PVM Acc.  0.7510 £ 0.0011

0.0655 = 0.0283
0.1320 £ 0.0598

Abs. Increase
Fair. Improve

homogeneous settings (Table[7), PVM’s average absolute accuracy improvement over LCM grew
substantially with the number of platforms 7, increasing from 0.0404 for n = 2 to 0.3041 for n = 5.
In heterogeneous pairings (Table [8), PVM achieved an average absolute accuracy improvement of
0.0655 over LCM, with the maximum absolute improvement reaching 0.1022 (Platform A and C).
This demonstrates PVM’s robustness against both an increasing number of competitors and diversity
in platform click-timing distributions.

42



In terms of fairness, PVM consistently achieved scores very near 1 across all settings (Tables[5] [6). In
homogeneous settings, while LCM’s fairness values were also high, PVM consistently reduced this
deviation further (e.g., to approximately 0.0248 for n = 2), thereby achieving fairness values even
closer to the ideal. The superiority of PVM in fairness was particularly evident in heterogeneous
settings. For example, in the A-C pairing (Table[6), PVM recorded a fairness of 0.9961, extremely
close to 1, whereas LCM’s fairness was 0.7691. As summarized in Table[§] PVM yielded an average
absolute improvement in this fairness measure of 0.1321, with the maximum absolute improvement
being 0.2270. This clearly shows PVM’s greater resilience in maintaining equitable attribution under
diverse conditions.
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